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Motivated by the rapid experimental progress on the spin-orbit-coupled Mott insulators, we pro-
pose and study a generic spin model that describes the interaction between the non-Kramers dou-
blets on a triangular lattice and is relevant for triangular lattice rare-earth magnets. We predict
that the system supports both pure quadrupolar orders and intertwined multipolar orders in the
phase diagram. Besides the multipolar orders, we explore the magnetic excitations to reveal the
dynamic properties of the systems. Due to the peculiar properties of the non-Kramers doublets
and the selective coupling to the magnetic field, we further study the magnetization process of the
system in the magnetic field. We point out the selective measurements of the static and dynamic
properties of the intertwined multipolarness in the neutron scattering, NMR and µSR probes and
predict the experimental consequences. The relevance to the existing materials such as TmMgGaO4,
Pr-based and Tb-based magnets, and many ternary chalcogenides is discussed. Our results not only
illustrate the rich physics and the promising direction in the interplay between strong spin-orbit-
entangled multipole moments and the geometrical frustration, but also provide a general idea to use
non-commutative observables to reveal the dynamics of the hidden orders.
I. INTRODUCTION
There has been an intensive activity and interest in
correlated matters with strong spin-orbit coupling1. Var-
ious interesting quantum phases have been proposed, and
the emergence of these rich phases is impossible in the
absence of the strong spin-orbit coupling. More sub-
stantially, the abundance of candidate materials allows
a rapid experimental progress of this field. In fact, the
physical models for many relevant physical systems have
not yet been constructed and thus not been explored
carefully. This requires the knowledge of the microscopic
nature of the relevant degrees of freedom. To estab-
lish the connection with the experimental observables,
one needs further to understand the appearance of the
physical properties for different phases of these newly
constructed models. In this work, we carry out these
thoughts and study the spin-orbit-coupled Mott insula-
tors with non-Kramers doublets on a triangular lattice.
Since the discovery and the proposal of the spin liq-
uid candidate material YbMgGaO4
2–9, the triangular
lattice rare-earth magnets have received more atten-
tion recently4,10–24. Many isostructural rare-earth mag-
nets such as RCd3P3, RZn3P3, RCd3As3, RZn3As3
25–27,
KBaR(BO3)2
28 (R is a rare-earth atom), and many
ternary chalcogenides29,30 are now proposed. In these
systems, the rare-earth atoms form a perfect triangular
lattice. The combination of the spin-orbit coupling of
the 4f electrons and the crystal electric field creates a
local ground state doublet that is described by an effec-
tive spin-1/2 local moment at each rare-earth site. These
rare-earth local moments then interact with each other
and describe the low-temperature magnetic properties of
the system. In most cases, the superexchange interaction
is short-ranged, and nearest-neighbor exchange interac-
tion with further neighbor dipolar interaction is sufficient
due to the strong spatial localization of the 4f electron
wavefunction. These materials provide a natural setting
to study the interplay between strong spin-orbit entan-
glement and geometrical frustration in both theory and
experiments.
In the list of relevant physical models for the rare-
earth triangular lattice magnets, we have explored the
usual Kramers doublets and the dipole-octupole dou-
blets31,32 in the previous works4,10. In particular, the
anisotropic spin model4,7 for the usual Kramers doublets
was suggested to be relevant for the spin liquid candi-
date YbMgGaO4 and many other rare-earth triangular
lattice magnets with Kramers ion. In this work, we turn
our attention to the non-Kramers doublet on the trian-
gular lattice that has been advocated in the end of Ref. 4,
and complete the full list of the microscopic spin models
FIG. 1. The combination of spin-orbit coupling and the D3d
crystal electric field generates a non-Kramers doublet ground
state for the Pr3+ ion. Here “SOC” refers to spin-orbit
coupling, and “CEF” refers to crystal electric field. Other
ions such as Tm3+ and Tb3+ could potentially support non-
Kramers doublets.
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2for the triangular lattice rare-earth magnets. Unlike the
usual Kramers doublets, the mixed multipolar natures of
spin components for the non-Kramers doublets greatly
simplify the spin Hamiltonian. For the non-Kramers dou-
blets33–35, the longitudinal spin component behaves as
the magnetic dipole moment, while the transverse spin
components behave as the magnetic quadrupole moment.
Therefore, the time reversal symmetry and the hermitic-
ity condition forbid the coupling between the longitudinal
and the transverse components. Moreover, the ordering
in the longitudinal spin components and the ordering in
the transverse components have to be distinct and nec-
essarily correspond to different phases and phase transi-
tions. The purpose of this paper is to understand the in-
tertwined multipolar ordering structures and the relevant
experimental phenomena for the non-Kramers doublets
on the triangular lattice.
The magnetic dipolar order can be directly visible
through the conventional magnetic measurements such as
the NMR and neutron diffraction experiments. The mag-
netic quadrupolar order (or equivalently, spin nematicity)
preserves the time reversal symmetry and is often not
quite visible in such conventional measurements. How-
ever, the dipole component, that is orthogonal to the
quadrupole component, could then create quantum fluc-
tuations for the quadrupole component and lead to coher-
ent spin wave excitations. This orthogonal effect allows
the detection of the spin wave spectra via the inelas-
tic neutron scattering measurements. If the quadrupo-
lar order breaks the translation symmetry and enlarges
the unit cell, the symmetry breaking pattern may not be
quite visible in the static measurement, but is clear in the
dynamic measurements. Thus, we study the magnetic
excitations in the multipolar ordered phases. We estab-
lish the key connections between the underlying multipo-
lar structure and the features in the excitation spectra.
The orthogonal effect of the dipole component on the
quadrupole component further lies in the coupling to the
external magnetic field. The magnetic field only couples
linearly to the dipole component, and thus, the magneti-
zation and the magnetic susceptibility indirectly suggest
the underlying quadrupolar order and transition.
The following part of the paper is organized as follows.
In Sec. II, we propose the relevant physical model for
the non-Kramers doublets on a triangular lattice and ex-
plain the physical significance of the spin operators. In
Sec. III, we employ several different methods to obtain
the full phase diagram of this model. Since many states
have an emergent U(1) symmetry at the mean-field level,
in Sec. IV, we study the quantum order by disorder phe-
nomena for two representative states on our phase dia-
gram. In Sec. V, we study the dynamic properties of the
distinct phases that can serve as the experimental probes
of the underlying multipolar orders. In Sec. VI, we point
out the unique magnetization process due to the selective
coupling of the moments to the external magnetic field.
Finally in Sec. VII, we discuss the experimental detec-
tion of various phases and summarize with a materials’
K
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FIG. 2. (a) The triangular lattice with three distinct neigh-
boring bonds and interactions. The phase parameter γij de-
pends on the bond orientation, which reflects the spin-orbit-
entangled nature of the local moments. (b) The definition of
the Brillouin zone for the triangular lattice.
survey. In Appendix. A, we explain the relevance of the
model to the Kitaev interaction. In Appendix. B, we give
the explanation of the non-Kramers doublet for the case
of the spin-1 moments. In Appendix. C, we show the
complete spin wave dispersions for different phases.
II. MODEL HAMILTONIAN
Apart from YbMgGaO4, RCd3P3, RZn3P3, RCd3As3,
RZn3As3, KBaR(BO3)2, and many ternary chalco-
genides (LiRSe2, NaRS2, NaRSe2, KRS2, KRSe2,
KRTe2, RbRS2, RbRSe2, RbRTe2, CsRS2, CsRSe2,
CsRTe2, etc) are known to have the rare-earth local mo-
ments on the triangular lattices, where R is the rare-earth
atom. These chemical properties of the rare-earth atoms
are quite similar, and thus it is often possible to substi-
tute one for the other. The rare-earth ion such as Yb3+
and Sm3+, that contains odd number of electrons, is the
Kramers’ ion and forms a ground state doublet whose two
fold degeneracy is protected by the time reversal symme-
try and the Kramers’ theorem. The non-Kramers ion like
Pr3+ and Tb3+ contains an even number of electrons per
site (see Fig. 1). The spin-orbit coupling of the 4f elec-
trons entangles the total spin moment and the orbital an-
gular momentum, and leads to a total moment J that is
an integer. The crystal electric field then splits the 2J+1
fold degeneracy and sometimes leads to a two-fold de-
generate ground state doublet. Although both Kramers
doublet and non-Kramers doublet are two-dimensional ir-
reducible representation of the point group, the two-fold
degeneracy of the Kramers doublets is further protected
by the time reversal symmetry, and the degeneracy of the
non-Kramers doublets is merely protected by the lattice
symmetry. For these non-Kramers doublet, one then in-
troduces an effective spin-1/2 operator, Si, that acts on
the two-fold degenerate ground state doublet at each lat-
tice site (see Appendix. B for a more detailed discussion
for a specific case.)
Although the effective spin-1/2 operator is introduced
to describe the non-Kramers doublet, the actual wave-
functions of the non-Kramers doublets are still integer
3Local doublets The nearest-neighbor spin Hamiltonians on the triangular lattice Reference
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∑
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TABLE I. The relevant spin Hamiltonians for three different doublets on the triangular lattice. The models for the usual
Kramers doublet and the dipole-octupole doublet have been obtained in the previous works.
spins in nature. As a result, the transformation of these
effective spin-1/2 operators for the non-Kramers doublet
is quite different from the effective spin-1/2 operators for
the Kramers doublet under the time reversal symmetry.
Specifically, the longitudinal component, Szi , is odd un-
der time reversal and transforms as a magnetic dipole
moment, and the transverse components, Sxi and S
y
i , are
even under time reversal and transform as the magnetic
quadrupolar moment. Therefore, the generic symmetry-
allowed spin Hamiltonian, that describes the interaction
between the non-Kramers doublets on the triangular lat-
tice, is simpler than the one for the Kramers doublets
and is given as4
H =
∑
〈ij〉
JzzS
z
i S
z
j + J±(S
+
i S
−
j + S
−
i S
+
j )
+J±±(γijS+i S
+
j + γ
∗
ijS
−
i S
−
j ), (1)
in which, γij is a bond-dependent phase factor, and takes
1, ei2pi/3 and e−i2pi/3 on the a1,a2 and a3 bond (see
Fig. 2), respectively. As shown in Tab. I, this model
differs from the Kramers doublet model by the absence
of the coupling between the transverse components and
the longitudinal component.
Besides the standard expression of the model in
Eq. (1), in the Appendix A we further recast the model
into a different form where the Kitaev interaction is ex-
plicitly shown.
III. PHASE DIAGRAM
In this section, we carry out several complementary ap-
proaches to determine the classical or mean-field phase
diagram of the spin model defined in Eq. (1). The model
is apparently frustrated, and a complicated phase dia-
gram is expected.
We first notice that in the model, the spin rotation
around the z direction by pi/4 transforms S± → ∓iS±,
and the couplings in the model transform as
Jzz → Jzz, J± → J±, J±± → −J±±. (2)
Therefore, we can focus on the J±± > 0 region of the
phase diagram. Moreover, as most of relevant materials
are antiferromagnets, we choose Jzz > 0 in our analysis
for the reason that will be clear later. Our results are
summarized in Fig. 3 and Tab. II.
A. Pure quadrupolar orders
To start with, we tackle this model in the spirit of a
Weiss-type mean-field approach. This approach is quali-
tively correct if the ground state of the spin model sup-
ports long-range orders with local on-site order param-
eters. This approach often provides some very basic in-
formation about the ground state properties of the sys-
tem. Within this approach, we treat the spin as a classi-
cal vector and optimize the energy by choosing a proper
spin configuration. The classical spin vector is subjected
to a local constraint |Si| = S, and is thus often difficult
to deal with. One can nevertheless try to solve for the
ground state of the mean-field Hamiltonian with a re-
laxed global constraint,
∑
i S
2
i = NS
2, where N is total
number of spins, which does not necessarily respect the
local spin constraint. When it does, this state is the
actual classical ground state of the classical spin Hamil-
tonian. This method is often known as “Luttinger-Tisza”
method36.
In most parts of the phase diagram, the Luttinger-
Tisza method can correctly reproduce the classical
ground state. In the regimes where the method fails,
we adopt a multi-sublattice mean-field ansatz to mini-
mize the ground state energy. This approach is obviously
simplified and cannot capture some of more complicated
magnetic orders or absense of magnetic orders due to
strong frustration. The phase diagram obtained from
mean-field theory is shown in Fig. 3. We found a fam-
ily of long-range ordered phases as illustrated in Fig. 4.
When one of the couplings is dominant, the frustration
is suppressed, and the Luttinger-Tisza method works out
well. This is the regime in which either J± or J±± is
dominant, and we have
• Fxy state when J± is large and negative. The or-
dering wavevector is at Γ point. In this state, the
quadrupole components Sx and Sy align in the
same direction in xy-plane. At the mean-field level,
this state has an emergent U(1) degeneracy under
the global rotation of an arbitrary angle about Sz.
This is a bit surprising here since the microscopic
model only has a discrete lattice symmetry due to
the spin-orbit coupling. Thus, the emergent contin-
uous degeneracy here and below is completely acci-
dental, and quantum fluctuation beyond the mean-
field theory should lift this degeneracy. This is the
4FIG. 3. The mean-field ground state phase diagram of the
model in Eq. (1) with Jzz > 0. We find the Stripey state for
large J±± regardless of the sign of J±, the Fxy state for large
negative J±, and the Ne´el state for a large and positive J±.
Thick curves refer to first order transitions, and thinner curves
refer to second order transitions. The dashed phase bound-
aries are determined by comparing the energy of AFzStripey
states with those of AFzFxy and AFzAFxy. The transitions
across the dashed lines are complicated and may involve other
competing states that is not well captured by our mean-field
approach. The spin configurations of all ordered states are
illustrated in Fig. 4.
well-known order by quantum disorder. Moreover,
due to this emergent continuous degeneracy, the ex-
citation spectrum with respect to the quadrupolar
order would have a pseudo-Goldstone mode that
is nearly gapless. In Sec. IV, we carry out an ex-
plicit calculation to discuss this order by quantum
disorder in this regime.
• 120◦ Ne´el state with pure quadrupolar orders ap-
pears as the ground-state in the large J± regime. In
this state spins lie in the xy plane and each spins are
arranged 120◦ to its nearest neighbor, thus the or-
dering wavevector occurs at the K point. The state
has non-vanishing quadrupolar components Sx and
Sy. We find that this state has degenerate ener-
gies under effective spin rotation of arbitrary angle
about Sz, so this state has emergent U(1) degen-
eracy. For the same reason as the Fxy state, there
would be a pseudo-Goldstone mode at Γ point.
• Stripey order when J±± is large. In this state, the
quadrupolar component Sy is aligned in alternat-
ing directions for alternating rows of spins. The
ordering wavevector is at M point. The spin-wave
excitation is in general fully gapped.
The Ne´el and Fxy orders can be understood in the
XXZ limit, where a large antiferromagnetic J± induces
the Ne´el order with the 3-sublattice structure, and a
large ferromagnetic J± stabilizes the ferromagnetic or-
der. The somewhat surprising emergent U(1) symmetry
is due to the cancelling γij phase factors of the anisotropic
spin coupling term J±±. The above three phases are
purely quadrupolar orders, and are completely hidden
in the magnetization measurements. Since they are ab-
sent of dipolar orders, even the elastic neutron scattering
measurement cannot resolve these states. The dipolar
spin component Sz, however, can create a coherent spin-
wave excitation with respect to the quadrupolar ordered
phases. Thus, despite the seemingly absence in the con-
ventional magnetization measurements, the quadrupo-
lar orders can nevertheless be detected via the inelastic
neutron scattering experiments. We will explore this in
Sec. IV.
B. Intertwined multipolar orders
Next we focus on the case with dominant Jzz that is
presumably the most frustrated regime and thus supports
strong quantum fluctuations. We here implement a tra-
ditional self-consistent Weiss mean-field theory by replac-
ing the generic pair-wise spin interactions as
Sµi S
ν
j → 〈Sµi 〉Sνj + Sµi 〈Sνj 〉 − 〈Sµi 〉〈Sνj 〉, (3)
(a) Fxy
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(b) Stripey
<latexit sha1_base64="LDbyXSACGxxqEh/zk/peimKRQ1o=">AAAC3Hi cjVHLSsNAFD3GV31X3QhugkWoICUpgroruHFZ0arQlpDEUYfmxWQillJ3rsStX+BWf0f8A/0L74wpqEV0QpIz595zZu69XhLwVFrW64gxOjY+MVmYmp6Z nZtfKC4uHadxJnzW8OMgFqeem7KAR6whuQzYaSKYG3oBO/E6eyp+csVEyuPoSHYT1g7di4ifc9+VRDnFlZZk17JX9jZam63NQyl4wvpOr9t3iiWrYull DgM7ByXkqx4XX9DCGWL4yBCCIYIkHMBFSk8TNiwkxLXRI04Q4jrO0Mc0aTPKYpThEtuh7wXtmjkb0V55plrt0ykBvYKUJtZJE1OeIKxOM3U8086K/c27p z3V3br093KvkFiJS2L/0g0y/6tTtUicY0fXwKmmRDOqOj93yXRX1M3NL1VJckiIU/iM4oKwr5WDPptak+raVW9dHX/TmYpVez/PzfCubkkDtn+Ocxg0qp Xdin2wVapV80kXsIo1lGmc26hhH3U0yPoGj3jCs+EYt8adcf+ZaozkmmV8W8bDB757mQM=</latexit><latexit sha1_base64="LDbyXSACGxxqEh/zk/peimKRQ1o=">AAAC3Hi cjVHLSsNAFD3GV31X3QhugkWoICUpgroruHFZ0arQlpDEUYfmxWQillJ3rsStX+BWf0f8A/0L74wpqEV0QpIz595zZu69XhLwVFrW64gxOjY+MVmYmp6Z nZtfKC4uHadxJnzW8OMgFqeem7KAR6whuQzYaSKYG3oBO/E6eyp+csVEyuPoSHYT1g7di4ifc9+VRDnFlZZk17JX9jZam63NQyl4wvpOr9t3iiWrYull DgM7ByXkqx4XX9DCGWL4yBCCIYIkHMBFSk8TNiwkxLXRI04Q4jrO0Mc0aTPKYpThEtuh7wXtmjkb0V55plrt0ykBvYKUJtZJE1OeIKxOM3U8086K/c27p z3V3br093KvkFiJS2L/0g0y/6tTtUicY0fXwKmmRDOqOj93yXRX1M3NL1VJckiIU/iM4oKwr5WDPptak+raVW9dHX/TmYpVez/PzfCubkkDtn+Ocxg0qp Xdin2wVapV80kXsIo1lGmc26hhH3U0yPoGj3jCs+EYt8adcf+ZaozkmmV8W8bDB757mQM=</latexit><latexit sha1_base64="LDbyXSACGxxqEh/zk/peimKRQ1o=">AAAC3Hi cjVHLSsNAFD3GV31X3QhugkWoICUpgroruHFZ0arQlpDEUYfmxWQillJ3rsStX+BWf0f8A/0L74wpqEV0QpIz595zZu69XhLwVFrW64gxOjY+MVmYmp6Z nZtfKC4uHadxJnzW8OMgFqeem7KAR6whuQzYaSKYG3oBO/E6eyp+csVEyuPoSHYT1g7di4ifc9+VRDnFlZZk17JX9jZam63NQyl4wvpOr9t3iiWrYull DgM7ByXkqx4XX9DCGWL4yBCCIYIkHMBFSk8TNiwkxLXRI04Q4jrO0Mc0aTPKYpThEtuh7wXtmjkb0V55plrt0ykBvYKUJtZJE1OeIKxOM3U8086K/c27p z3V3br093KvkFiJS2L/0g0y/6tTtUicY0fXwKmmRDOqOj93yXRX1M3NL1VJckiIU/iM4oKwr5WDPptak+raVW9dHX/TmYpVez/PzfCubkkDtn+Ocxg0qp Xdin2wVapV80kXsIo1lGmc26hhH3U0yPoGj3jCs+EYt8adcf+ZaozkmmV8W8bDB757mQM=</latexit><latexit sha1_base64="LDbyXSACGxxqEh/zk/peimKRQ1o=">AAAC3Hi cjVHLSsNAFD3GV31X3QhugkWoICUpgroruHFZ0arQlpDEUYfmxWQillJ3rsStX+BWf0f8A/0L74wpqEV0QpIz595zZu69XhLwVFrW64gxOjY+MVmYmp6Z nZtfKC4uHadxJnzW8OMgFqeem7KAR6whuQzYaSKYG3oBO/E6eyp+csVEyuPoSHYT1g7di4ifc9+VRDnFlZZk17JX9jZam63NQyl4wvpOr9t3iiWrYull DgM7ByXkqx4XX9DCGWL4yBCCIYIkHMBFSk8TNiwkxLXRI04Q4jrO0Mc0aTPKYpThEtuh7wXtmjkb0V55plrt0ykBvYKUJtZJE1OeIKxOM3U8086K/c27p z3V3br093KvkFiJS2L/0g0y/6tTtUicY0fXwKmmRDOqOj93yXRX1M3NL1VJckiIU/iM4oKwr5WDPptak+raVW9dHX/TmYpVez/PzfCubkkDtn+Ocxg0qp Xdin2wVapV80kXsIo1lGmc26hhH3U0yPoGj3jCs+EYt8adcf+ZaozkmmV8W8bDB757mQM=</latexit>
y
<latexit sha1_base64="MqXlCR+2ND6cNmZRnKsfeFJ/XUU="> AAACw3icjVHLSsNAFD2Nr1pfVZdugkUQFyUVQd0VBHHZgrGFWiSZTuvQNAmTiVBKv8Ctfpv4B/oX3hmnoBbRCUnOnHvPmbn3hmkkMu V5rwVnYXFpeaW4Wlpb39jcKm/v3GRJLhn3WRIlsh0GGY9EzH0lVMTbqeTBKIx4Kxxe6HjrgctMJPG1Gqe8OwoGsegLFiiimuO7csWr ema586BmQQV2NZLyC27RQwKGHCNwxFCEIwTI6OmgBg8pcV1MiJOEhIlzTFEibU5ZnDICYof0HdCuY9mY9tozM2pGp0T0SlK6OCBNQn mSsD7NNfHcOGv2N++J8dR3G9M/tF4jYhXuif1LN8v8r07XotDHmalBUE2pYXR1zLrkpiv65u6XqhQ5pMRp3KO4JMyMctZn12gyU7vu bWDibyZTs3rPbG6Od31LGnDt5zjngX9cPa96zZNK/chOuog97OOQxnmKOq7QgG+sH/GEZ+fSiRzpqM9Up2A1u/i2nOkH0RiPOQ==</ latexit><latexit sha1_base64="MqXlCR+2ND6cNmZRnKsfeFJ/XUU="> AAACw3icjVHLSsNAFD2Nr1pfVZdugkUQFyUVQd0VBHHZgrGFWiSZTuvQNAmTiVBKv8Ctfpv4B/oX3hmnoBbRCUnOnHvPmbn3hmkkMu V5rwVnYXFpeaW4Wlpb39jcKm/v3GRJLhn3WRIlsh0GGY9EzH0lVMTbqeTBKIx4Kxxe6HjrgctMJPG1Gqe8OwoGsegLFiiimuO7csWr ema586BmQQV2NZLyC27RQwKGHCNwxFCEIwTI6OmgBg8pcV1MiJOEhIlzTFEibU5ZnDICYof0HdCuY9mY9tozM2pGp0T0SlK6OCBNQn mSsD7NNfHcOGv2N++J8dR3G9M/tF4jYhXuif1LN8v8r07XotDHmalBUE2pYXR1zLrkpiv65u6XqhQ5pMRp3KO4JMyMctZn12gyU7vu bWDibyZTs3rPbG6Od31LGnDt5zjngX9cPa96zZNK/chOuog97OOQxnmKOq7QgG+sH/GEZ+fSiRzpqM9Up2A1u/i2nOkH0RiPOQ==</ latexit><latexit sha1_base64="MqXlCR+2ND6cNmZRnKsfeFJ/XUU="> AAACw3icjVHLSsNAFD2Nr1pfVZdugkUQFyUVQd0VBHHZgrGFWiSZTuvQNAmTiVBKv8Ctfpv4B/oX3hmnoBbRCUnOnHvPmbn3hmkkMu V5rwVnYXFpeaW4Wlpb39jcKm/v3GRJLhn3WRIlsh0GGY9EzH0lVMTbqeTBKIx4Kxxe6HjrgctMJPG1Gqe8OwoGsegLFiiimuO7csWr ema586BmQQV2NZLyC27RQwKGHCNwxFCEIwTI6OmgBg8pcV1MiJOEhIlzTFEibU5ZnDICYof0HdCuY9mY9tozM2pGp0T0SlK6OCBNQn mSsD7NNfHcOGv2N++J8dR3G9M/tF4jYhXuif1LN8v8r07XotDHmalBUE2pYXR1zLrkpiv65u6XqhQ5pMRp3KO4JMyMctZn12gyU7vu bWDibyZTs3rPbG6Od31LGnDt5zjngX9cPa96zZNK/chOuog97OOQxnmKOq7QgG+sH/GEZ+fSiRzpqM9Up2A1u/i2nOkH0RiPOQ==</ latexit>
x
<latexit sha1_base64="WT4b6rfhR6ZbumNE70M3d9Yv3Zc="> AAACznicjVHLSsNAFD2Nr1pfVZdugkUQkZKKoO4Kbly2YGyhLZKk03ZoXkwmainFrV/gVv9K/AP9C++MKahFdEKSM+fec2buvW7s80 Ra1mvOmJtfWFzKLxdWVtfWN4qbW1dJlAqP2V7kR6LpOgnzechsyaXPmrFgTuD6rOEOz1W8ccNEwqPwUo5i1gmcfsh73HMkUe279mE7 cORABOPJdbFklS29zFlQyUAJ2apFxRe00UUEDykCMISQhH04SOhpoQILMXEdjIkThLiOM0xQIG1KWYwyHGKH9O3TrpWxIe2VZ6LVHp 3i0ytIaWKPNBHlCcLqNFPHU+2s2N+8x9pT3W1EfzfzCoiVGBD7l26a+V+dqkWih1NdA6eaYs2o6rzMJdVdUTc3v1QlySEmTuEuxQVh TyunfTa1JtG1q946Ov6mMxWr9l6Wm+Jd3ZIGXPk5zllgH5XPylb9uFQ9yCadxw52sU/jPEEVF6jBJusYj3jCs1E3bo2Jcf+ZauQyzT a+LePhA/OHlAs=</latexit><latexit sha1_base64="WT4b6rfhR6ZbumNE70M3d9Yv3Zc="> AAACznicjVHLSsNAFD2Nr1pfVZdugkUQkZKKoO4Kbly2YGyhLZKk03ZoXkwmainFrV/gVv9K/AP9C++MKahFdEKSM+fec2buvW7s80 Ra1mvOmJtfWFzKLxdWVtfWN4qbW1dJlAqP2V7kR6LpOgnzechsyaXPmrFgTuD6rOEOz1W8ccNEwqPwUo5i1gmcfsh73HMkUe279mE7 cORABOPJdbFklS29zFlQyUAJ2apFxRe00UUEDykCMISQhH04SOhpoQILMXEdjIkThLiOM0xQIG1KWYwyHGKH9O3TrpWxIe2VZ6LVHp 3i0ytIaWKPNBHlCcLqNFPHU+2s2N+8x9pT3W1EfzfzCoiVGBD7l26a+V+dqkWih1NdA6eaYs2o6rzMJdVdUTc3v1QlySEmTuEuxQVh TyunfTa1JtG1q946Ov6mMxWr9l6Wm+Jd3ZIGXPk5zllgH5XPylb9uFQ9yCadxw52sU/jPEEVF6jBJusYj3jCs1E3bo2Jcf+ZauQyzT a+LePhA/OHlAs=</latexit><latexit sha1_base64="WT4b6rfhR6ZbumNE70M3d9Yv3Zc="> AAACznicjVHLSsNAFD2Nr1pfVZdugkUQkZKKoO4Kbly2YGyhLZKk03ZoXkwmainFrV/gVv9K/AP9C++MKahFdEKSM+fec2buvW7s80 Ra1mvOmJtfWFzKLxdWVtfWN4qbW1dJlAqP2V7kR6LpOgnzechsyaXPmrFgTuD6rOEOz1W8ccNEwqPwUo5i1gmcfsh73HMkUe279mE7 cORABOPJdbFklS29zFlQyUAJ2apFxRe00UUEDykCMISQhH04SOhpoQILMXEdjIkThLiOM0xQIG1KWYwyHGKH9O3TrpWxIe2VZ6LVHp 3i0ytIaWKPNBHlCcLqNFPHU+2s2N+8x9pT3W1EfzfzCoiVGBD7l26a+V+dqkWih1NdA6eaYs2o6rzMJdVdUTc3v1QlySEmTuEuxQVh TyunfTa1JtG1q946Ov6mMxWr9l6Wm+Jd3ZIGXPk5zllgH5XPylb9uFQ9yCadxw52sU/jPEEVF6jBJusYj3jCs1E3bo2Jcf+ZauQyzT a+LePhA/OHlAs=</latexit>
y
<latexit sha1_base64="MqXlCR+2ND6cNmZRnKsfeFJ/XUU="> AAACw3icjVHLSsNAFD2Nr1pfVZdugkUQFyUVQd0VBHHZgrGFWiSZTuvQNAmTiVBKv8Ctfpv4B/oX3hmnoBbRCUnOnHvPmbn3hmkkMu V5rwVnYXFpeaW4Wlpb39jcKm/v3GRJLhn3WRIlsh0GGY9EzH0lVMTbqeTBKIx4Kxxe6HjrgctMJPG1Gqe8OwoGsegLFiiimuO7csWr ema586BmQQV2NZLyC27RQwKGHCNwxFCEIwTI6OmgBg8pcV1MiJOEhIlzTFEibU5ZnDICYof0HdCuY9mY9tozM2pGp0T0SlK6OCBNQn mSsD7NNfHcOGv2N++J8dR3G9M/tF4jYhXuif1LN8v8r07XotDHmalBUE2pYXR1zLrkpiv65u6XqhQ5pMRp3KO4JMyMctZn12gyU7vu bWDibyZTs3rPbG6Od31LGnDt5zjngX9cPa96zZNK/chOuog97OOQxnmKOq7QgG+sH/GEZ+fSiRzpqM9Up2A1u/i2nOkH0RiPOQ==</ latexit><latexit sha1_base64="MqXlCR+2ND6cNmZRnKsfeFJ/XUU="> AAACw3icjVHLSsNAFD2Nr1pfVZdugkUQFyUVQd0VBHHZgrGFWiSZTuvQNAmTiVBKv8Ctfpv4B/oX3hmnoBbRCUnOnHvPmbn3hmkkMu V5rwVnYXFpeaW4Wlpb39jcKm/v3GRJLhn3WRIlsh0GGY9EzH0lVMTbqeTBKIx4Kxxe6HjrgctMJPG1Gqe8OwoGsegLFiiimuO7csWr ema586BmQQV2NZLyC27RQwKGHCNwxFCEIwTI6OmgBg8pcV1MiJOEhIlzTFEibU5ZnDICYof0HdCuY9mY9tozM2pGp0T0SlK6OCBNQn mSsD7NNfHcOGv2N++J8dR3G9M/tF4jYhXuif1LN8v8r07XotDHmalBUE2pYXR1zLrkpiv65u6XqhQ5pMRp3KO4JMyMctZn12gyU7vu bWDibyZTs3rPbG6Od31LGnDt5zjngX9cPa96zZNK/chOuog97OOQxnmKOq7QgG+sH/GEZ+fSiRzpqM9Up2A1u/i2nOkH0RiPOQ==</ latexit><latexit sha1_base64="MqXlCR+2ND6cNmZRnKsfeFJ/XUU="> AAACw3icjVHLSsNAFD2Nr1pfVZdugkUQFyUVQd0VBHHZgrGFWiSZTuvQNAmTiVBKv8Ctfpv4B/oX3hmnoBbRCUnOnHvPmbn3hmkkMu V5rwVnYXFpeaW4Wlpb39jcKm/v3GRJLhn3WRIlsh0GGY9EzH0lVMTbqeTBKIx4Kxxe6HjrgctMJPG1Gqe8OwoGsegLFiiimuO7csWr ema586BmQQV2NZLyC27RQwKGHCNwxFCEIwTI6OmgBg8pcV1MiJOEhIlzTFEibU5ZnDICYof0HdCuY9mY9tozM2pGp0T0SlK6OCBNQn mSsD7NNfHcOGv2N++J8dR3G9M/tF4jYhXuif1LN8v8r07XotDHmalBUE2pYXR1zLrkpiv65u6XqhQ5pMRp3KO4JMyMctZn12gyU7vu bWDibyZTs3rPbG6Od31LGnDt5zjngX9cPa96zZNK/chOuog97OOQxnmKOq7QgG+sH/GEZ+fSiRzpqM9Up2A1u/i2nOkH0RiPOQ==</ latexit>
z
<latexit sha1_base64="KXBYfcbJN2bLMUnrboCF8O/b2tE=">AAACw3i cjVHLSsNAFD2Nr/quunQTLIK4KKkI6q4giMsWjC3UIsl0WoemSZhMhFr6BW7128Q/0L/wzjgFtYhOSHLm3HvOzL03TCORKc97LThz8wuLS8XlldW19Y3N 0tb2dZbkknGfJVEiW2GQ8UjE3FdCRbyVSh4Mw4g3w8G5jjfvucxEEl+pUco7w6Afi55ggSKq8XBbKnsVzyx3FlQtKMOuelJ6wQ26SMCQYwiOGIpwhAAZ PW1U4SElroMxcZKQMHGOCVZIm1MWp4yA2AF9+7RrWzamvfbMjJrRKRG9kpQu9kmTUJ4krE9zTTw3zpr9zXtsPPXdRvQPrdeQWIU7Yv/STTP/q9O1KPRwa moQVFNqGF0dsy656Yq+ufulKkUOKXEadykuCTOjnPbZNZrM1K57G5j4m8nUrN4zm5vjXd+SBlz9Oc5Z4B9Vzipe47hcO7STLmIXezigcZ6ghkvU4RvrRz zh2blwIkc66jPVKVjNDr4tZ/IB03ePOg==</latexit><latexit sha1_base64="KXBYfcbJN2bLMUnrboCF8O/b2tE=">AAACw3i cjVHLSsNAFD2Nr/quunQTLIK4KKkI6q4giMsWjC3UIsl0WoemSZhMhFr6BW7128Q/0L/wzjgFtYhOSHLm3HvOzL03TCORKc97LThz8wuLS8XlldW19Y3N 0tb2dZbkknGfJVEiW2GQ8UjE3FdCRbyVSh4Mw4g3w8G5jjfvucxEEl+pUco7w6Afi55ggSKq8XBbKnsVzyx3FlQtKMOuelJ6wQ26SMCQYwiOGIpwhAAZ PW1U4SElroMxcZKQMHGOCVZIm1MWp4yA2AF9+7RrWzamvfbMjJrRKRG9kpQu9kmTUJ4krE9zTTw3zpr9zXtsPPXdRvQPrdeQWIU7Yv/STTP/q9O1KPRwa moQVFNqGF0dsy656Yq+ufulKkUOKXEadykuCTOjnPbZNZrM1K57G5j4m8nUrN4zm5vjXd+SBlz9Oc5Z4B9Vzipe47hcO7STLmIXezigcZ6ghkvU4RvrRz zh2blwIkc66jPVKVjNDr4tZ/IB03ePOg==</latexit><latexit sha1_base64="KXBYfcbJN2bLMUnrboCF8O/b2tE=">AAACw3i cjVHLSsNAFD2Nr/quunQTLIK4KKkI6q4giMsWjC3UIsl0WoemSZhMhFr6BW7128Q/0L/wzjgFtYhOSHLm3HvOzL03TCORKc97LThz8wuLS8XlldW19Y3N 0tb2dZbkknGfJVEiW2GQ8UjE3FdCRbyVSh4Mw4g3w8G5jjfvucxEEl+pUco7w6Afi55ggSKq8XBbKnsVzyx3FlQtKMOuelJ6wQ26SMCQYwiOGIpwhAAZ PW1U4SElroMxcZKQMHGOCVZIm1MWp4yA2AF9+7RrWzamvfbMjJrRKRG9kpQu9kmTUJ4krE9zTTw3zpr9zXtsPPXdRvQPrdeQWIU7Yv/STTP/q9O1KPRwa moQVFNqGF0dsy656Yq+ufulKkUOKXEadykuCTOjnPbZNZrM1K57G5j4m8nUrN4zm5vjXd+SBlz9Oc5Z4B9Vzipe47hcO7STLmIXezigcZ6ghkvU4RvrRz zh2blwIkc66jPVKVjNDr4tZ/IB03ePOg==</latexit>
y
<latexit sha1_base64="MqXlCR+2ND6cNmZRnKsfeFJ/XUU="> AAACw3icjVHLSsNAFD2Nr1pfVZdugkUQFyUVQd0VBHHZgrGFWiSZTuvQNAmTiVBKv8Ctfpv4B/oX3hmnoBbRCUnOnHvPmbn3hmkkMu V5rwVnYXFpeaW4Wlpb39jcKm/v3GRJLhn3WRIlsh0GGY9EzH0lVMTbqeTBKIx4Kxxe6HjrgctMJPG1Gqe8OwoGsegLFiiimuO7csWr ema586BmQQV2NZLyC27RQwKGHCNwxFCEIwTI6OmgBg8pcV1MiJOEhIlzTFEibU5ZnDICYof0HdCuY9mY9tozM2pGp0T0SlK6OCBNQn mSsD7NNfHcOGv2N++J8dR3G9M/tF4jYhXuif1LN8v8r07XotDHmalBUE2pYXR1zLrkpiv65u6XqhQ5pMRp3KO4JMyMctZn12gyU7vu bWDibyZTs3rPbG6Od31LGnDt5zjngX9cPa96zZNK/chOuog97OOQxnmKOq7QgG+sH/GEZ+fSiRzpqM9Up2A1u/i2nOkH0RiPOQ==</ latexit><latexit sha1_base64="MqXlCR+2ND6cNmZRnKsfeFJ/XUU="> AAACw3icjVHLSsNAFD2Nr1pfVZdugkUQFyUVQd0VBHHZgrGFWiSZTuvQNAmTiVBKv8Ctfpv4B/oX3hmnoBbRCUnOnHvPmbn3hmkkMu V5rwVnYXFpeaW4Wlpb39jcKm/v3GRJLhn3WRIlsh0GGY9EzH0lVMTbqeTBKIx4Kxxe6HjrgctMJPG1Gqe8OwoGsegLFiiimuO7csWr ema586BmQQV2NZLyC27RQwKGHCNwxFCEIwTI6OmgBg8pcV1MiJOEhIlzTFEibU5ZnDICYof0HdCuY9mY9tozM2pGp0T0SlK6OCBNQn mSsD7NNfHcOGv2N++J8dR3G9M/tF4jYhXuif1LN8v8r07XotDHmalBUE2pYXR1zLrkpiv65u6XqhQ5pMRp3KO4JMyMctZn12gyU7vu bWDibyZTs3rPbG6Od31LGnDt5zjngX9cPa96zZNK/chOuog97OOQxnmKOq7QgG+sH/GEZ+fSiRzpqM9Up2A1u/i2nOkH0RiPOQ==</ latexit><latexit sha1_base64="MqXlCR+2ND6cNmZRnKsfeFJ/XUU="> AAACw3icjVHLSsNAFD2Nr1pfVZdugkUQFyUVQd0VBHHZgrGFWiSZTuvQNAmTiVBKv8Ctfpv4B/oX3hmnoBbRCUnOnHvPmbn3hmkkMu V5rwVnYXFpeaW4Wlpb39jcKm/v3GRJLhn3WRIlsh0GGY9EzH0lVMTbqeTBKIx4Kxxe6HjrgctMJPG1Gqe8OwoGsegLFiiimuO7csWr ema586BmQQV2NZLyC27RQwKGHCNwxFCEIwTI6OmgBg8pcV1MiJOEhIlzTFEibU5ZnDICYof0HdCuY9mY9tozM2pGp0T0SlK6OCBNQn mSsD7NNfHcOGv2N++J8dR3G9M/tF4jYhXuif1LN8v8r07XotDHmalBUE2pYXR1zLrkpiv65u6XqhQ5pMRp3KO4JMyMctZn12gyU7vu bWDibyZTs3rPbG6Od31LGnDt5zjngX9cPa96zZNK/chOuog97OOQxnmKOq7QgG+sH/GEZ+fSiRzpqM9Up2A1u/i2nOkH0RiPOQ==</ latexit>
x
<latexit sha1_base64="WT4b6rfhR6ZbumNE70M3d9Yv3Zc="> AAACznicjVHLSsNAFD2Nr1pfVZdugkUQkZKKoO4Kbly2YGyhLZKk03ZoXkwmainFrV/gVv9K/AP9C++MKahFdEKSM+fec2buvW7s80 Ra1mvOmJtfWFzKLxdWVtfWN4qbW1dJlAqP2V7kR6LpOgnzechsyaXPmrFgTuD6rOEOz1W8ccNEwqPwUo5i1gmcfsh73HMkUe279mE7 cORABOPJdbFklS29zFlQyUAJ2apFxRe00UUEDykCMISQhH04SOhpoQILMXEdjIkThLiOM0xQIG1KWYwyHGKH9O3TrpWxIe2VZ6LVHp 3i0ytIaWKPNBHlCcLqNFPHU+2s2N+8x9pT3W1EfzfzCoiVGBD7l26a+V+dqkWih1NdA6eaYs2o6rzMJdVdUTc3v1QlySEmTuEuxQVh TyunfTa1JtG1q946Ov6mMxWr9l6Wm+Jd3ZIGXPk5zllgH5XPylb9uFQ9yCadxw52sU/jPEEVF6jBJusYj3jCs1E3bo2Jcf+ZauQyzT a+LePhA/OHlAs=</latexit><latexit sha1_base64="WT4b6rfhR6ZbumNE70M3d9Yv3Zc="> AAACznicjVHLSsNAFD2Nr1pfVZdugkUQkZKKoO4Kbly2YGyhLZKk03ZoXkwmainFrV/gVv9K/AP9C++MKahFdEKSM+fec2buvW7s80 Ra1mvOmJtfWFzKLxdWVtfWN4qbW1dJlAqP2V7kR6LpOgnzechsyaXPmrFgTuD6rOEOz1W8ccNEwqPwUo5i1gmcfsh73HMkUe279mE7 cORABOPJdbFklS29zFlQyUAJ2apFxRe00UUEDykCMISQhH04SOhpoQILMXEdjIkThLiOM0xQIG1KWYwyHGKH9O3TrpWxIe2VZ6LVHp 3i0ytIaWKPNBHlCcLqNFPHU+2s2N+8x9pT3W1EfzfzCoiVGBD7l26a+V+dqkWih1NdA6eaYs2o6rzMJdVdUTc3v1QlySEmTuEuxQVh TyunfTa1JtG1q946Ov6mMxWr9l6Wm+Jd3ZIGXPk5zllgH5XPylb9uFQ9yCadxw52sU/jPEEVF6jBJusYj3jCs1E3bo2Jcf+ZauQyzT a+LePhA/OHlAs=</latexit><latexit sha1_base64="WT4b6rfhR6ZbumNE70M3d9Yv3Zc="> AAACznicjVHLSsNAFD2Nr1pfVZdugkUQkZKKoO4Kbly2YGyhLZKk03ZoXkwmainFrV/gVv9K/AP9C++MKahFdEKSM+fec2buvW7s80 Ra1mvOmJtfWFzKLxdWVtfWN4qbW1dJlAqP2V7kR6LpOgnzechsyaXPmrFgTuD6rOEOz1W8ccNEwqPwUo5i1gmcfsh73HMkUe279mE7 cORABOPJdbFklS29zFlQyUAJ2apFxRe00UUEDykCMISQhH04SOhpoQILMXEdjIkThLiOM0xQIG1KWYwyHGKH9O3TrpWxIe2VZ6LVHp 3i0ytIaWKPNBHlCcLqNFPHU+2s2N+8x9pT3W1EfzfzCoiVGBD7l26a+V+dqkWih1NdA6eaYs2o6rzMJdVdUTc3v1QlySEmTuEuxQVh TyunfTa1JtG1q946Ov6mMxWr9l6Wm+Jd3ZIGXPk5zllgH5XPylb9uFQ9yCadxw52sU/jPEEVF6jBJusYj3jCs1E3bo2Jcf+ZauQyzT a+LePhA/OHlAs=</latexit>
y
<latexit sha1_base64="MqXlCR+2ND6cNmZRnKsfeFJ/XUU="> AAACw3icjVHLSsNAFD2Nr1pfVZdugkUQFyUVQd0VBHHZgrGFWiSZTuvQNAmTiVBKv8Ctfpv4B/oX3hmnoBbRCUnOnHvPmbn3hmkkMu V5rwVnYXFpeaW4Wlpb39jcKm/v3GRJLhn3WRIlsh0GGY9EzH0lVMTbqeTBKIx4Kxxe6HjrgctMJPG1Gqe8OwoGsegLFiiimuO7csWr ema586BmQQV2NZLyC27RQwKGHCNwxFCEIwTI6OmgBg8pcV1MiJOEhIlzTFEibU5ZnDICYof0HdCuY9mY9tozM2pGp0T0SlK6OCBNQn mSsD7NNfHcOGv2N++J8dR3G9M/tF4jYhXuif1LN8v8r07XotDHmalBUE2pYXR1zLrkpiv65u6XqhQ5pMRp3KO4JMyMctZn12gyU7vu bWDibyZTs3rPbG6Od31LGnDt5zjngX9cPa96zZNK/chOuog97OOQxnmKOq7QgG+sH/GEZ+fSiRzpqM9Up2A1u/i2nOkH0RiPOQ==</ latexit><latexit sha1_base64="MqXlCR+2ND6cNmZRnKsfeFJ/XUU="> AAACw3icjVHLSsNAFD2Nr1pfVZdugkUQFyUVQd0VBHHZgrGFWiSZTuvQNAmTiVBKv8Ctfpv4B/oX3hmnoBbRCUnOnHvPmbn3hmkkMu V5rwVnYXFpeaW4Wlpb39jcKm/v3GRJLhn3WRIlsh0GGY9EzH0lVMTbqeTBKIx4Kxxe6HjrgctMJPG1Gqe8OwoGsegLFiiimuO7csWr ema586BmQQV2NZLyC27RQwKGHCNwxFCEIwTI6OmgBg8pcV1MiJOEhIlzTFEibU5ZnDICYof0HdCuY9mY9tozM2pGp0T0SlK6OCBNQn mSsD7NNfHcOGv2N++J8dR3G9M/tF4jYhXuif1LN8v8r07XotDHmalBUE2pYXR1zLrkpiv65u6XqhQ5pMRp3KO4JMyMctZn12gyU7vu bWDibyZTs3rPbG6Od31LGnDt5zjngX9cPa96zZNK/chOuog97OOQxnmKOq7QgG+sH/GEZ+fSiRzpqM9Up2A1u/i2nOkH0RiPOQ==</ latexit><latexit sha1_base64="MqXlCR+2ND6cNmZRnKsfeFJ/XUU="> AAACw3icjVHLSsNAFD2Nr1pfVZdugkUQFyUVQd0VBHHZgrGFWiSZTuvQNAmTiVBKv8Ctfpv4B/oX3hmnoBbRCUnOnHvPmbn3hmkkMu V5rwVnYXFpeaW4Wlpb39jcKm/v3GRJLhn3WRIlsh0GGY9EzH0lVMTbqeTBKIx4Kxxe6HjrgctMJPG1Gqe8OwoGsegLFiiimuO7csWr ema586BmQQV2NZLyC27RQwKGHCNwxFCEIwTI6OmgBg8pcV1MiJOEhIlzTFEibU5ZnDICYof0HdCuY9mY9tozM2pGp0T0SlK6OCBNQn mSsD7NNfHcOGv2N++J8dR3G9M/tF4jYhXuif1LN8v8r07XotDHmalBUE2pYXR1zLrkpiv65u6XqhQ5pMRp3KO4JMyMctZn12gyU7vu bWDibyZTs3rPbG6Od31LGnDt5zjngX9cPa96zZNK/chOuog97OOQxnmKOq7QgG+sH/GEZ+fSiRzpqM9Up2A1u/i2nOkH0RiPOQ==</ latexit>
z
<latexit sha1_base64="KXBYfcbJN2bLMUnrboCF8O/b2tE="> AAACw3icjVHLSsNAFD2Nr/quunQTLIK4KKkI6q4giMsWjC3UIsl0WoemSZhMhFr6BW7128Q/0L/wzjgFtYhOSHLm3HvOzL03TCORKc 97LThz8wuLS8XlldW19Y3N0tb2dZbkknGfJVEiW2GQ8UjE3FdCRbyVSh4Mw4g3w8G5jjfvucxEEl+pUco7w6Afi55ggSKq8XBbKnsV zyx3FlQtKMOuelJ6wQ26SMCQYwiOGIpwhAAZPW1U4SElroMxcZKQMHGOCVZIm1MWp4yA2AF9+7RrWzamvfbMjJrRKRG9kpQu9kmTUJ 4krE9zTTw3zpr9zXtsPPXdRvQPrdeQWIU7Yv/STTP/q9O1KPRwamoQVFNqGF0dsy656Yq+ufulKkUOKXEadykuCTOjnPbZNZrM1K57 G5j4m8nUrN4zm5vjXd+SBlz9Oc5Z4B9Vzipe47hcO7STLmIXezigcZ6ghkvU4RvrRzzh2blwIkc66jPVKVjNDr4tZ/IB03ePOg==</ latexit><latexit sha1_base64="KXBYfcbJN2bLMUnrboCF8O/b2tE="> AAACw3icjVHLSsNAFD2Nr/quunQTLIK4KKkI6q4giMsWjC3UIsl0WoemSZhMhFr6BW7128Q/0L/wzjgFtYhOSHLm3HvOzL03TCORKc 97LThz8wuLS8XlldW19Y3N0tb2dZbkknGfJVEiW2GQ8UjE3FdCRbyVSh4Mw4g3w8G5jjfvucxEEl+pUco7w6Afi55ggSKq8XBbKnsV zyx3FlQtKMOuelJ6wQ26SMCQYwiOGIpwhAAZPW1U4SElroMxcZKQMHGOCVZIm1MWp4yA2AF9+7RrWzamvfbMjJrRKRG9kpQu9kmTUJ 4krE9zTTw3zpr9zXtsPPXdRvQPrdeQWIU7Yv/STTP/q9O1KPRwamoQVFNqGF0dsy656Yq+ufulKkUOKXEadykuCTOjnPbZNZrM1K57 G5j4m8nUrN4zm5vjXd+SBlz9Oc5Z4B9Vzipe47hcO7STLmIXezigcZ6ghkvU4RvrRzzh2blwIkc66jPVKVjNDr4tZ/IB03ePOg==</ latexit><latexit sha1_base64="KXBYfcbJN2bLMUnrboCF8O/b2tE="> AAACw3icjVHLSsNAFD2Nr/quunQTLIK4KKkI6q4giMsWjC3UIsl0WoemSZhMhFr6BW7128Q/0L/wzjgFtYhOSHLm3HvOzL03TCORKc 97LThz8wuLS8XlldW19Y3N0tb2dZbkknGfJVEiW2GQ8UjE3FdCRbyVSh4Mw4g3w8G5jjfvucxEEl+pUco7w6Afi55ggSKq8XBbKnsV zyx3FlQtKMOuelJ6wQ26SMCQYwiOGIpwhAAZPW1U4SElroMxcZKQMHGOCVZIm1MWp4yA2AF9+7RrWzamvfbMjJrRKRG9kpQu9kmTUJ 4krE9zTTw3zpr9zXtsPPXdRvQPrdeQWIU7Yv/STTP/q9O1KPRwamoQVFNqGF0dsy656Yq+ufulKkUOKXEadykuCTOjnPbZNZrM1K57 G5j4m8nUrN4zm5vjXd+SBlz9Oc5Z4B9Vzipe47hcO7STLmIXezigcZ6ghkvU4RvrRzzh2blwIkc66jPVKVjNDr4tZ/IB03ePOg==</ latexit>
y
<latexit sha1_base64="MqXlCR+2ND6cNmZRnKsfeFJ/XUU="> AAACw3icjVHLSsNAFD2Nr1pfVZdugkUQFyUVQd0VBHHZgrGFWiSZTuvQNAmTiVBKv8Ctfpv4B/oX3hmnoBbRCUnOnHvPmbn3hmkkMu V5rwVnYXFpeaW4Wlpb39jcKm/v3GRJLhn3WRIlsh0GGY9EzH0lVMTbqeTBKIx4Kxxe6HjrgctMJPG1Gqe8OwoGsegLFiiimuO7csWr ema586BmQQV2NZLyC27RQwKGHCNwxFCEIwTI6OmgBg8pcV1MiJOEhIlzTFEibU5ZnDICYof0HdCuY9mY9tozM2pGp0T0SlK6OCBNQn mSsD7NNfHcOGv2N++J8dR3G9M/tF4jYhXuif1LN8v8r07XotDHmalBUE2pYXR1zLrkpiv65u6XqhQ5pMRp3KO4JMyMctZn12gyU7vu bWDibyZTs3rPbG6Od31LGnDt5zjngX9cPa96zZNK/chOuog97OOQxnmKOq7QgG+sH/GEZ+fSiRzpqM9Up2A1u/i2nOkH0RiPOQ==</ latexit><latexit sha1_base64="MqXlCR+2ND6cNmZRnKsfeFJ/XUU="> AAACw3icjVHLSsNAFD2Nr1pfVZdugkUQFyUVQd0VBHHZgrGFWiSZTuvQNAmTiVBKv8Ctfpv4B/oX3hmnoBbRCUnOnHvPmbn3hmkkMu V5rwVnYXFpeaW4Wlpb39jcKm/v3GRJLhn3WRIlsh0GGY9EzH0lVMTbqeTBKIx4Kxxe6HjrgctMJPG1Gqe8OwoGsegLFiiimuO7csWr ema586BmQQV2NZLyC27RQwKGHCNwxFCEIwTI6OmgBg8pcV1MiJOEhIlzTFEibU5ZnDICYof0HdCuY9mY9tozM2pGp0T0SlK6OCBNQn mSsD7NNfHcOGv2N++J8dR3G9M/tF4jYhXuif1LN8v8r07XotDHmalBUE2pYXR1zLrkpiv65u6XqhQ5pMRp3KO4JMyMctZn12gyU7vu bWDibyZTs3rPbG6Od31LGnDt5zjngX9cPa96zZNK/chOuog97OOQxnmKOq7QgG+sH/GEZ+fSiRzpqM9Up2A1u/i2nOkH0RiPOQ==</ latexit><latexit sha1_base64="MqXlCR+2ND6cNmZRnKsfeFJ/XUU="> AAACw3icjVHLSsNAFD2Nr1pfVZdugkUQFyUVQd0VBHHZgrGFWiSZTuvQNAmTiVBKv8Ctfpv4B/oX3hmnoBbRCUnOnHvPmbn3hmkkMu V5rwVnYXFpeaW4Wlpb39jcKm/v3GRJLhn3WRIlsh0GGY9EzH0lVMTbqeTBKIx4Kxxe6HjrgctMJPG1Gqe8OwoGsegLFiiimuO7csWr ema586BmQQV2NZLyC27RQwKGHCNwxFCEIwTI6OmgBg8pcV1MiJOEhIlzTFEibU5ZnDICYof0HdCuY9mY9tozM2pGp0T0SlK6OCBNQn mSsD7NNfHcOGv2N++J8dR3G9M/tF4jYhXuif1LN8v8r07XotDHmalBUE2pYXR1zLrkpiv65u6XqhQ5pMRp3KO4JMyMctZn12gyU7vu bWDibyZTs3rPbG6Od31LGnDt5zjngX9cPa96zZNK/chOuog97OOQxnmKOq7QgG+sH/GEZ+fSiRzpqM9Up2A1u/i2nOkH0RiPOQ==</ latexit>
z
<latexit sha1_base64="KXBYfcbJN2bLMUnrboCF8O/b2tE="> AAACw3icjVHLSsNAFD2Nr/quunQTLIK4KKkI6q4giMsWjC3UIsl0WoemSZhMhFr6BW7128Q/0L/wzjgFtYhOSHLm3HvOzL03TCORKc 97LThz8wuLS8XlldW19Y3N0tb2dZbkknGfJVEiW2GQ8UjE3FdCRbyVSh4Mw4g3w8G5jjfvucxEEl+pUco7w6Afi55ggSKq8XBbKnsV zyx3FlQtKMOuelJ6wQ26SMCQYwiOGIpwhAAZPW1U4SElroMxcZKQMHGOCVZIm1MWp4yA2AF9+7RrWzamvfbMjJrRKRG9kpQu9kmTUJ 4krE9zTTw3zpr9zXtsPPXdRvQPrdeQWIU7Yv/STTP/q9O1KPRwamoQVFNqGF0dsy656Yq+ufulKkUOKXEadykuCTOjnPbZNZrM1K57 G5j4m8nUrN4zm5vjXd+SBlz9Oc5Z4B9Vzipe47hcO7STLmIXezigcZ6ghkvU4RvrRzzh2blwIkc66jPVKVjNDr4tZ/IB03ePOg==</ latexit><latexit sha1_base64="KXBYfcbJN2bLMUnrboCF8O/b2tE="> AAACw3icjVHLSsNAFD2Nr/quunQTLIK4KKkI6q4giMsWjC3UIsl0WoemSZhMhFr6BW7128Q/0L/wzjgFtYhOSHLm3HvOzL03TCORKc 97LThz8wuLS8XlldW19Y3N0tb2dZbkknGfJVEiW2GQ8UjE3FdCRbyVSh4Mw4g3w8G5jjfvucxEEl+pUco7w6Afi55ggSKq8XBbKnsV zyx3FlQtKMOuelJ6wQ26SMCQYwiOGIpwhAAZPW1U4SElroMxcZKQMHGOCVZIm1MWp4yA2AF9+7RrWzamvfbMjJrRKRG9kpQu9kmTUJ 4krE9zTTw3zpr9zXtsPPXdRvQPrdeQWIU7Yv/STTP/q9O1KPRwamoQVFNqGF0dsy656Yq+ufulKkUOKXEadykuCTOjnPbZNZrM1K57 G5j4m8nUrN4zm5vjXd+SBlz9Oc5Z4B9Vzipe47hcO7STLmIXezigcZ6ghkvU4RvrRzzh2blwIkc66jPVKVjNDr4tZ/IB03ePOg==</ latexit><latexit sha1_base64="KXBYfcbJN2bLMUnrboCF8O/b2tE="> AAACw3icjVHLSsNAFD2Nr/quunQTLIK4KKkI6q4giMsWjC3UIsl0WoemSZhMhFr6BW7128Q/0L/wzjgFtYhOSHLm3HvOzL03TCORKc 97LThz8wuLS8XlldW19Y3N0tb2dZbkknGfJVEiW2GQ8UjE3FdCRbyVSh4Mw4g3w8G5jjfvucxEEl+pUco7w6Afi55ggSKq8XBbKnsV zyx3FlQtKMOuelJ6wQ26SMCQYwiOGIpwhAAZPW1U4SElroMxcZKQMHGOCVZIm1MWp4yA2AF9+7RrWzamvfbMjJrRKRG9kpQu9kmTUJ 4krE9zTTw3zpr9zXtsPPXdRvQPrdeQWIU7Yv/STTP/q9O1KPRwamoQVFNqGF0dsy656Yq+ufulKkUOKXEadykuCTOjnPbZNZrM1K57 G5j4m8nUrN4zm5vjXd+SBlz9Oc5Z4B9Vzipe47hcO7STLmIXezigcZ6ghkvU4RvrRzzh2blwIkc66jPVKVjNDr4tZ/IB03ePOg==</ latexit>
y
<latexit sha1_base64="MqXlCR+2ND6cNmZRnKsfeFJ/XUU="> AAACw3icjVHLSsNAFD2Nr1pfVZdugkUQFyUVQd0VBHHZgrGFWiSZTuvQNAmTiVBKv8Ctfpv4B/oX3hmnoBbRCUnOnHvPmbn3hmkkMu V5rwVnYXFpeaW4Wlpb39jcKm/v3GRJLhn3WRIlsh0GGY9EzH0lVMTbqeTBKIx4Kxxe6HjrgctMJPG1Gqe8OwoGsegLFiiimuO7csWr ema586BmQQV2NZLyC27RQwKGHCNwxFCEIwTI6OmgBg8pcV1MiJOEhIlzTFEibU5ZnDICYof0HdCuY9mY9tozM2pGp0T0SlK6OCBNQn mSsD7NNfHcOGv2N++J8dR3G9M/tF4jYhXuif1LN8v8r07XotDHmalBUE2pYXR1zLrkpiv65u6XqhQ5pMRp3KO4JMyMctZn12gyU7vu bWDibyZTs3rPbG6Od31LGnDt5zjngX9cPa96zZNK/chOuog97OOQxnmKOq7QgG+sH/GEZ+fSiRzpqM9Up2A1u/i2nOkH0RiPOQ==</ latexit><latexit sha1_base64="MqXlCR+2ND6cNmZRnKsfeFJ/XUU="> AAACw3icjVHLSsNAFD2Nr1pfVZdugkUQFyUVQd0VBHHZgrGFWiSZTuvQNAmTiVBKv8Ctfpv4B/oX3hmnoBbRCUnOnHvPmbn3hmkkMu V5rwVnYXFpeaW4Wlpb39jcKm/v3GRJLhn3WRIlsh0GGY9EzH0lVMTbqeTBKIx4Kxxe6HjrgctMJPG1Gqe8OwoGsegLFiiimuO7csWr ema586BmQQV2NZLyC27RQwKGHCNwxFCEIwTI6OmgBg8pcV1MiJOEhIlzTFEibU5ZnDICYof0HdCuY9mY9tozM2pGp0T0SlK6OCBNQn mSsD7NNfHcOGv2N++J8dR3G9M/tF4jYhXuif1LN8v8r07XotDHmalBUE2pYXR1zLrkpiv65u6XqhQ5pMRp3KO4JMyMctZn12gyU7vu bWDibyZTs3rPbG6Od31LGnDt5zjngX9cPa96zZNK/chOuog97OOQxnmKOq7QgG+sH/GEZ+fSiRzpqM9Up2A1u/i2nOkH0RiPOQ==</ latexit><latexit sha1_base64="MqXlCR+2ND6cNmZRnKsfeFJ/XUU="> AAACw3icjVHLSsNAFD2Nr1pfVZdugkUQFyUVQd0VBHHZgrGFWiSZTuvQNAmTiVBKv8Ctfpv4B/oX3hmnoBbRCUnOnHvPmbn3hmkkMu V5rwVnYXFpeaW4Wlpb39jcKm/v3GRJLhn3WRIlsh0GGY9EzH0lVMTbqeTBKIx4Kxxe6HjrgctMJPG1Gqe8OwoGsegLFiiimuO7csWr ema586BmQQV2NZLyC27RQwKGHCNwxFCEIwTI6OmgBg8pcV1MiJOEhIlzTFEibU5ZnDICYof0HdCuY9mY9tozM2pGp0T0SlK6OCBNQn mSsD7NNfHcOGv2N++J8dR3G9M/tF4jYhXuif1LN8v8r07XotDHmalBUE2pYXR1zLrkpiv65u6XqhQ5pMRp3KO4JMyMctZn12gyU7vu bWDibyZTs3rPbG6Od31LGnDt5zjngX9cPa96zZNK/chOuog97OOQxnmKOq7QgG+sH/GEZ+fSiRzpqM9Up2A1u/i2nOkH0RiPOQ==</ latexit>
z
<latexit sha1_base64="KXBYfcbJN2bLMUnrboCF8O/b2tE="> AAACw3icjVHLSsNAFD2Nr/quunQTLIK4KKkI6q4giMsWjC3UIsl0WoemSZhMhFr6BW7128Q/0L/wzjgFtYhOSHLm3HvOzL03TCORKc 97LThz8wuLS8XlldW19Y3N0tb2dZbkknGfJVEiW2GQ8UjE3FdCRbyVSh4Mw4g3w8G5jjfvucxEEl+pUco7w6Afi55ggSKq8XBbKnsV zyx3FlQtKMOuelJ6wQ26SMCQYwiOGIpwhAAZPW1U4SElroMxcZKQMHGOCVZIm1MWp4yA2AF9+7RrWzamvfbMjJrRKRG9kpQu9kmTUJ 4krE9zTTw3zpr9zXtsPPXdRvQPrdeQWIU7Yv/STTP/q9O1KPRwamoQVFNqGF0dsy656Yq+ufulKkUOKXEadykuCTOjnPbZNZrM1K57 G5j4m8nUrN4zm5vjXd+SBlz9Oc5Z4B9Vzipe47hcO7STLmIXezigcZ6ghkvU4RvrRzzh2blwIkc66jPVKVjNDr4tZ/IB03ePOg==</ latexit><latexit sha1_base64="KXBYfcbJN2bLMUnrboCF8O/b2tE="> AAACw3icjVHLSsNAFD2Nr/quunQTLIK4KKkI6q4giMsWjC3UIsl0WoemSZhMhFr6BW7128Q/0L/wzjgFtYhOSHLm3HvOzL03TCORKc 97LThz8wuLS8XlldW19Y3N0tb2dZbkknGfJVEiW2GQ8UjE3FdCRbyVSh4Mw4g3w8G5jjfvucxEEl+pUco7w6Afi55ggSKq8XBbKnsV zyx3FlQtKMOuelJ6wQ26SMCQYwiOGIpwhAAZPW1U4SElroMxcZKQMHGOCVZIm1MWp4yA2AF9+7RrWzamvfbMjJrRKRG9kpQu9kmTUJ 4krE9zTTw3zpr9zXtsPPXdRvQPrdeQWIU7Yv/STTP/q9O1KPRwamoQVFNqGF0dsy656Yq+ufulKkUOKXEadykuCTOjnPbZNZrM1K57 G5j4m8nUrN4zm5vjXd+SBlz9Oc5Z4B9Vzipe47hcO7STLmIXezigcZ6ghkvU4RvrRzzh2blwIkc66jPVKVjNDr4tZ/IB03ePOg==</ latexit><latexit sha1_base64="KXBYfcbJN2bLMUnrboCF8O/b2tE="> AAACw3icjVHLSsNAFD2Nr/quunQTLIK4KKkI6q4giMsWjC3UIsl0WoemSZhMhFr6BW7128Q/0L/wzjgFtYhOSHLm3HvOzL03TCORKc 97LThz8wuLS8XlldW19Y3N0tb2dZbkknGfJVEiW2GQ8UjE3FdCRbyVSh4Mw4g3w8G5jjfvucxEEl+pUco7w6Afi55ggSKq8XBbKnsV zyx3FlQtKMOuelJ6wQ26SMCQYwiOGIpwhAAZPW1U4SElroMxcZKQMHGOCVZIm1MWp4yA2AF9+7RrWzamvfbMjJrRKRG9kpQu9kmTUJ 4krE9zTTw3zpr9zXtsPPXdRvQPrdeQWIU7Yv/STTP/q9O1KPRwamoQVFNqGF0dsy656Yq+ufulKkUOKXEadykuCTOjnPbZNZrM1K57 G5j4m8nUrN4zm5vjXd+SBlz9Oc5Z4B9Vzipe47hcO7STLmIXezigcZ6ghkvU4RvrRzzh2blwIkc66jPVKVjNDr4tZ/IB03ePOg==</ latexit>
(d) AFzFxy
<latexit sha1_base64="DNXtGGjfsG2jVAGXRJ8PajthEBo=">AAAC5ni cjVHLSsNAFD2Nr1pfUZduQotQoZRUBHVXEcRlBWsLrZQkndbBNAnJRKyle3euxK1f4Fb/RPwD/QvvTFNQi+iEJOeee8+ZuXPtwOWRMM23lDY1PTM7l57P LCwuLa/oq2tnkR+HDqs6vuuHdduKmMs9VhVcuKwehMzq2S6r2ZeHMl+7YmHEfe9U9AN23rO6Hu9wxxJEtfRsU7BrMci3t5qFZuHgaNga3AyNESmD6/6w pefMoqmWMQlKCcghWRVff0UTbfhwEKMHBg+CsAsLET0NlGAiIO4cA+JCQlzlGYbIkDamKkYVFrGX9O1S1EhYj2LpGSm1Q7u49IakNLBJGp/qQsJyN0PlY +Us2d+8B8pTnq1Pfzvx6hErcEHsX7px5X91sheBDvZUD5x6ChQju3MSl1jdijy58aUrQQ4BcRK3KR8SdpRyfM+G0kSqd3m3lsq/q0rJythJamN8yFPSgE s/xzkJqtvF/WLpZCdX3k4mncYGssjTOHdRxjEqqJL1LZ7wjBeNa3favfYwKtVSiWYd35b2+AnEcZ1B</latexit><latexit sha1_base64="DNXtGGjfsG2jVAGXRJ8PajthEBo=">AAAC5ni cjVHLSsNAFD2Nr1pfUZduQotQoZRUBHVXEcRlBWsLrZQkndbBNAnJRKyle3euxK1f4Fb/RPwD/QvvTFNQi+iEJOeee8+ZuXPtwOWRMM23lDY1PTM7l57P LCwuLa/oq2tnkR+HDqs6vuuHdduKmMs9VhVcuKwehMzq2S6r2ZeHMl+7YmHEfe9U9AN23rO6Hu9wxxJEtfRsU7BrMci3t5qFZuHgaNga3AyNESmD6/6w pefMoqmWMQlKCcghWRVff0UTbfhwEKMHBg+CsAsLET0NlGAiIO4cA+JCQlzlGYbIkDamKkYVFrGX9O1S1EhYj2LpGSm1Q7u49IakNLBJGp/qQsJyN0PlY +Us2d+8B8pTnq1Pfzvx6hErcEHsX7px5X91sheBDvZUD5x6ChQju3MSl1jdijy58aUrQQ4BcRK3KR8SdpRyfM+G0kSqd3m3lsq/q0rJythJamN8yFPSgE s/xzkJqtvF/WLpZCdX3k4mncYGssjTOHdRxjEqqJL1LZ7wjBeNa3favfYwKtVSiWYd35b2+AnEcZ1B</latexit><latexit sha1_base64="DNXtGGjfsG2jVAGXRJ8PajthEBo=">AAAC5ni cjVHLSsNAFD2Nr1pfUZduQotQoZRUBHVXEcRlBWsLrZQkndbBNAnJRKyle3euxK1f4Fb/RPwD/QvvTFNQi+iEJOeee8+ZuXPtwOWRMM23lDY1PTM7l57P LCwuLa/oq2tnkR+HDqs6vuuHdduKmMs9VhVcuKwehMzq2S6r2ZeHMl+7YmHEfe9U9AN23rO6Hu9wxxJEtfRsU7BrMci3t5qFZuHgaNga3AyNESmD6/6w pefMoqmWMQlKCcghWRVff0UTbfhwEKMHBg+CsAsLET0NlGAiIO4cA+JCQlzlGYbIkDamKkYVFrGX9O1S1EhYj2LpGSm1Q7u49IakNLBJGp/qQsJyN0PlY +Us2d+8B8pTnq1Pfzvx6hErcEHsX7px5X91sheBDvZUD5x6ChQju3MSl1jdijy58aUrQQ4BcRK3KR8SdpRyfM+G0kSqd3m3lsq/q0rJythJamN8yFPSgE s/xzkJqtvF/WLpZCdX3k4mncYGssjTOHdRxjEqqJL1LZ7wjBeNa3favfYwKtVSiWYd35b2+AnEcZ1B</latexit><latexit sha1_base64="DNXtGGjfsG2jVAGXRJ8PajthEBo=">AAAC5ni cjVHLSsNAFD2Nr1pfUZduQotQoZRUBHVXEcRlBWsLrZQkndbBNAnJRKyle3euxK1f4Fb/RPwD/QvvTFNQi+iEJOeee8+ZuXPtwOWRMM23lDY1PTM7l57P LCwuLa/oq2tnkR+HDqs6vuuHdduKmMs9VhVcuKwehMzq2S6r2ZeHMl+7YmHEfe9U9AN23rO6Hu9wxxJEtfRsU7BrMci3t5qFZuHgaNga3AyNESmD6/6w pefMoqmWMQlKCcghWRVff0UTbfhwEKMHBg+CsAsLET0NlGAiIO4cA+JCQlzlGYbIkDamKkYVFrGX9O1S1EhYj2LpGSm1Q7u49IakNLBJGp/qQsJyN0PlY +Us2d+8B8pTnq1Pfzvx6hErcEHsX7px5X91sheBDvZUD5x6ChQju3MSl1jdijy58aUrQQ4BcRK3KR8SdpRyfM+G0kSqd3m3lsq/q0rJythJamN8yFPSgE s/xzkJqtvF/WLpZCdX3k4mncYGssjTOHdRxjEqqJL1LZ7wjBeNa3favfYwKtVSiWYd35b2+AnEcZ1B</latexit>
(e) AFzAFxy
<latexit sha1_base64="sCBHSCZo3Kv2Nghpw9JAy1BXJEA=">AAAC53i cjVHLSsNAFD2Nr1pfVZdugkWoUEpaBHVXEcRlBWsLbSlJOq2xeZFMpLX0A9y5Erd+gVv9EvEP9C+8M01BLaITktx77jln5s41fNsKuaa9JZSZ2bn5heRi aml5ZXUtvb5xEXpRYLKK6dleUDP0kNmWyyrc4jar+QHTHcNmVaN3LOrVaxaEluee84HPmo7eda2OZeqcoFY60+Csz4dZttvINXJHJ6PW8GakjkGZ9Qcj Yml5TS51OijEQQbxKnvpVzTQhgcTERwwuOAU29AR0lNHARp8wpoYEhZQZMk6wwgp0kbEYsTQCe3Rt0tZPUZdyoVnKNUm7WLTG5BSxQ5pPOIFFIvdVFmPp LNAf/MeSk9xtgH9jdjLIZTjktC/dBPmf3WiF44ODmQPFvXkS0R0Z8YukbwVcXL1S1ecHHzCRNymekCxKZWTe1alJpS9i7vVZf1dMgUqcjPmRvgQp6QBF3 6OczqoFPOH+cLZXqZUjCedxBa2kaVx7qOEU5RRIetbPOEZL8qVcqfcKw9jqpKINZv4tpTHT5LynY0=</latexit><latexit sha1_base64="sCBHSCZo3Kv2Nghpw9JAy1BXJEA=">AAAC53i cjVHLSsNAFD2Nr1pfVZdugkWoUEpaBHVXEcRlBWsLbSlJOq2xeZFMpLX0A9y5Erd+gVv9EvEP9C+8M01BLaITktx77jln5s41fNsKuaa9JZSZ2bn5heRi aml5ZXUtvb5xEXpRYLKK6dleUDP0kNmWyyrc4jar+QHTHcNmVaN3LOrVaxaEluee84HPmo7eda2OZeqcoFY60+Csz4dZttvINXJHJ6PW8GakjkGZ9Qcj Yml5TS51OijEQQbxKnvpVzTQhgcTERwwuOAU29AR0lNHARp8wpoYEhZQZMk6wwgp0kbEYsTQCe3Rt0tZPUZdyoVnKNUm7WLTG5BSxQ5pPOIFFIvdVFmPp LNAf/MeSk9xtgH9jdjLIZTjktC/dBPmf3WiF44ODmQPFvXkS0R0Z8YukbwVcXL1S1ecHHzCRNymekCxKZWTe1alJpS9i7vVZf1dMgUqcjPmRvgQp6QBF3 6OczqoFPOH+cLZXqZUjCedxBa2kaVx7qOEU5RRIetbPOEZL8qVcqfcKw9jqpKINZv4tpTHT5LynY0=</latexit><latexit sha1_base64="sCBHSCZo3Kv2Nghpw9JAy1BXJEA=">AAAC53i cjVHLSsNAFD2Nr1pfVZdugkWoUEpaBHVXEcRlBWsLbSlJOq2xeZFMpLX0A9y5Erd+gVv9EvEP9C+8M01BLaITktx77jln5s41fNsKuaa9JZSZ2bn5heRi aml5ZXUtvb5xEXpRYLKK6dleUDP0kNmWyyrc4jar+QHTHcNmVaN3LOrVaxaEluee84HPmo7eda2OZeqcoFY60+Csz4dZttvINXJHJ6PW8GakjkGZ9Qcj Yml5TS51OijEQQbxKnvpVzTQhgcTERwwuOAU29AR0lNHARp8wpoYEhZQZMk6wwgp0kbEYsTQCe3Rt0tZPUZdyoVnKNUm7WLTG5BSxQ5pPOIFFIvdVFmPp LNAf/MeSk9xtgH9jdjLIZTjktC/dBPmf3WiF44ODmQPFvXkS0R0Z8YukbwVcXL1S1ecHHzCRNymekCxKZWTe1alJpS9i7vVZf1dMgUqcjPmRvgQp6QBF3 6OczqoFPOH+cLZXqZUjCedxBa2kaVx7qOEU5RRIetbPOEZL8qVcqfcKw9jqpKINZv4tpTHT5LynY0=</latexit><latexit sha1_base64="sCBHSCZo3Kv2Nghpw9JAy1BXJEA=">AAAC53i cjVHLSsNAFD2Nr1pfVZdugkWoUEpaBHVXEcRlBWsLbSlJOq2xeZFMpLX0A9y5Erd+gVv9EvEP9C+8M01BLaITktx77jln5s41fNsKuaa9JZSZ2bn5heRi aml5ZXUtvb5xEXpRYLKK6dleUDP0kNmWyyrc4jar+QHTHcNmVaN3LOrVaxaEluee84HPmo7eda2OZeqcoFY60+Csz4dZttvINXJHJ6PW8GakjkGZ9Qcj Yml5TS51OijEQQbxKnvpVzTQhgcTERwwuOAU29AR0lNHARp8wpoYEhZQZMk6wwgp0kbEYsTQCe3Rt0tZPUZdyoVnKNUm7WLTG5BSxQ5pPOIFFIvdVFmPp LNAf/MeSk9xtgH9jdjLIZTjktC/dBPmf3WiF44ODmQPFvXkS0R0Z8YukbwVcXL1S1ecHHzCRNymekCxKZWTe1alJpS9i7vVZf1dMgUqcjPmRvgQp6QBF3 6OczqoFPOH+cLZXqZUjCedxBa2kaVx7qOEU5RRIetbPOEZL8qVcqfcKw9jqpKINZv4tpTHT5LynY0=</latexit>
(f) AFzStripey
<latexit sha1_base64="NqYXBBWEB16//cdH3aHPAFfWHdo=">AAAC6ni cjVHLSsNAFD3GV62vqks3waIolJKKoO4qgrisaG2hlZLEaR3Mi8lErKV/4M6VuPUL3Op/iH+gf+GdMQUfiE5Icubce87MvdeJPB5Ly3oZMoZHRsfGMxPZ yanpmdnc3PxxHCbCZVU39EJRd+yYeTxgVcmlx+qRYLbveKzmnO+qeO2CiZiHwZHsRuzEtzsBb3PXlkS1citNyS5lb7W91iw0Czt7/Vbvqm9+kIdS8IgR 0+23cnmraOll/gSlFOSRrkqYe0YTpwjhIoEPhgCSsAcbMT0NlGAhIu4EPeIEIa7jDH1kSZtQFqMMm9hz+nZo10jZgPbKM9Zql07x6BWkNLFMmpDyBGF1m qnjiXZW7G/ePe2p7talv5N6+cRKnBH7l26Q+V+dqkWijS1dA6eaIs2o6tzUJdFdUTc3P1UlySEiTuFTigvCrlYO+mxqTaxrV721dfxVZypW7d00N8Gbui UNuPR9nD9Bdb24XSwdbOTL6+mkM1jEElZpnJsoYx8VVMn6Gg94xJPhGzfGrXH3kWoMpZoFfFnG/TuuIJ8k</latexit><latexit sha1_base64="NqYXBBWEB16//cdH3aHPAFfWHdo=">AAAC6ni cjVHLSsNAFD3GV62vqks3waIolJKKoO4qgrisaG2hlZLEaR3Mi8lErKV/4M6VuPUL3Op/iH+gf+GdMQUfiE5Icubce87MvdeJPB5Ly3oZMoZHRsfGMxPZ yanpmdnc3PxxHCbCZVU39EJRd+yYeTxgVcmlx+qRYLbveKzmnO+qeO2CiZiHwZHsRuzEtzsBb3PXlkS1citNyS5lb7W91iw0Czt7/Vbvqm9+kIdS8IgR 0+23cnmraOll/gSlFOSRrkqYe0YTpwjhIoEPhgCSsAcbMT0NlGAhIu4EPeIEIa7jDH1kSZtQFqMMm9hz+nZo10jZgPbKM9Zql07x6BWkNLFMmpDyBGF1m qnjiXZW7G/ePe2p7talv5N6+cRKnBH7l26Q+V+dqkWijS1dA6eaIs2o6tzUJdFdUTc3P1UlySEiTuFTigvCrlYO+mxqTaxrV721dfxVZypW7d00N8Gbui UNuPR9nD9Bdb24XSwdbOTL6+mkM1jEElZpnJsoYx8VVMn6Gg94xJPhGzfGrXH3kWoMpZoFfFnG/TuuIJ8k</latexit><latexit sha1_base64="NqYXBBWEB16//cdH3aHPAFfWHdo=">AAAC6ni cjVHLSsNAFD3GV62vqks3waIolJKKoO4qgrisaG2hlZLEaR3Mi8lErKV/4M6VuPUL3Op/iH+gf+GdMQUfiE5Icubce87MvdeJPB5Ly3oZMoZHRsfGMxPZ yanpmdnc3PxxHCbCZVU39EJRd+yYeTxgVcmlx+qRYLbveKzmnO+qeO2CiZiHwZHsRuzEtzsBb3PXlkS1citNyS5lb7W91iw0Czt7/Vbvqm9+kIdS8IgR 0+23cnmraOll/gSlFOSRrkqYe0YTpwjhIoEPhgCSsAcbMT0NlGAhIu4EPeIEIa7jDH1kSZtQFqMMm9hz+nZo10jZgPbKM9Zql07x6BWkNLFMmpDyBGF1m qnjiXZW7G/ePe2p7talv5N6+cRKnBH7l26Q+V+dqkWijS1dA6eaIs2o6tzUJdFdUTc3P1UlySEiTuFTigvCrlYO+mxqTaxrV721dfxVZypW7d00N8Gbui UNuPR9nD9Bdb24XSwdbOTL6+mkM1jEElZpnJsoYx8VVMn6Gg94xJPhGzfGrXH3kWoMpZoFfFnG/TuuIJ8k</latexit><latexit sha1_base64="NqYXBBWEB16//cdH3aHPAFfWHdo=">AAAC6ni cjVHLSsNAFD3GV62vqks3waIolJKKoO4qgrisaG2hlZLEaR3Mi8lErKV/4M6VuPUL3Op/iH+gf+GdMQUfiE5Icubce87MvdeJPB5Ly3oZMoZHRsfGMxPZ yanpmdnc3PxxHCbCZVU39EJRd+yYeTxgVcmlx+qRYLbveKzmnO+qeO2CiZiHwZHsRuzEtzsBb3PXlkS1citNyS5lb7W91iw0Czt7/Vbvqm9+kIdS8IgR 0+23cnmraOll/gSlFOSRrkqYe0YTpwjhIoEPhgCSsAcbMT0NlGAhIu4EPeIEIa7jDH1kSZtQFqMMm9hz+nZo10jZgPbKM9Zql07x6BWkNLFMmpDyBGF1m qnjiXZW7G/ePe2p7talv5N6+cRKnBH7l26Q+V+dqkWijS1dA6eaIs2o6tzUJdFdUTc3P1UlySEiTuFTigvCrlYO+mxqTaxrV721dfxVZypW7d00N8Gbui UNuPR9nD9Bdb24XSwdbOTL6+mkM1jEElZpnJsoYx8VVMn6Gg94xJPhGzfGrXH3kWoMpZoFfFnG/TuuIJ8k</latexit>
A
<latexit sha1_base64="FSdAgJ9RxdyAwoK/04UpbYgB8Ls=">AAACy3i cjVHLSsNAFD2Nr1pfVZdugkXoqiQi6LLixo1QwT6gFkmm0xqaJmFmItbapT/gVv9L/AP9C++MKahFdEKSM+eec2fuvX4SBlI5zmvOmptfWFzKLxdWVtfW N4qbWw0Zp4LxOovDWLR8T/IwiHhdBSrkrURwb+iHvOkPTnS8ecOFDOLoQo0S3hl6/SjoBcxTRLUuFb9V4+PJVbHkVByz7FngZqCEbNXi4gsu0UUMhhRD cERQhEN4kPS04cJBQlwHY+IEocDEOSYokDclFSeFR+yAvn3atTM2or3OKY2b0SkhvYKcNvbIE5NOENan2Saemsya/S332OTUdxvR389yDYlVuCb2L99U+ V+frkWhhyNTQ0A1JYbR1bEsS2q6om9uf6lKUYaEOI27FBeEmXFO+2wbjzS16956Jv5mlJrVe5ZpU7zrW9KA3Z/jnAWN/YrrVNzzg1K1nI06jx3sokzzPE QVp6ihbub4iCc8W2eWtO6s+0+plcs82/i2rIcPUJSSiw==</latexit><latexit sha1_base64="FSdAgJ9RxdyAwoK/04UpbYgB8Ls=">AAACy3i cjVHLSsNAFD2Nr1pfVZdugkXoqiQi6LLixo1QwT6gFkmm0xqaJmFmItbapT/gVv9L/AP9C++MKahFdEKSM+eec2fuvX4SBlI5zmvOmptfWFzKLxdWVtfW N4qbWw0Zp4LxOovDWLR8T/IwiHhdBSrkrURwb+iHvOkPTnS8ecOFDOLoQo0S3hl6/SjoBcxTRLUuFb9V4+PJVbHkVByz7FngZqCEbNXi4gsu0UUMhhRD cERQhEN4kPS04cJBQlwHY+IEocDEOSYokDclFSeFR+yAvn3atTM2or3OKY2b0SkhvYKcNvbIE5NOENan2Saemsya/S332OTUdxvR389yDYlVuCb2L99U+ V+frkWhhyNTQ0A1JYbR1bEsS2q6om9uf6lKUYaEOI27FBeEmXFO+2wbjzS16956Jv5mlJrVe5ZpU7zrW9KA3Z/jnAWN/YrrVNzzg1K1nI06jx3sokzzPE QVp6ihbub4iCc8W2eWtO6s+0+plcs82/i2rIcPUJSSiw==</latexit><latexit sha1_base64="FSdAgJ9RxdyAwoK/04UpbYgB8Ls=">AAACy3i cjVHLSsNAFD2Nr1pfVZdugkXoqiQi6LLixo1QwT6gFkmm0xqaJmFmItbapT/gVv9L/AP9C++MKahFdEKSM+eec2fuvX4SBlI5zmvOmptfWFzKLxdWVtfW N4qbWw0Zp4LxOovDWLR8T/IwiHhdBSrkrURwb+iHvOkPTnS8ecOFDOLoQo0S3hl6/SjoBcxTRLUuFb9V4+PJVbHkVByz7FngZqCEbNXi4gsu0UUMhhRD cERQhEN4kPS04cJBQlwHY+IEocDEOSYokDclFSeFR+yAvn3atTM2or3OKY2b0SkhvYKcNvbIE5NOENan2Saemsya/S332OTUdxvR389yDYlVuCb2L99U+ V+frkWhhyNTQ0A1JYbR1bEsS2q6om9uf6lKUYaEOI27FBeEmXFO+2wbjzS16956Jv5mlJrVe5ZpU7zrW9KA3Z/jnAWN/YrrVNzzg1K1nI06jx3sokzzPE QVp6ihbub4iCc8W2eWtO6s+0+plcs82/i2rIcPUJSSiw==</latexit><latexit sha1_base64="FSdAgJ9RxdyAwoK/04UpbYgB8Ls=">AAACy3i cjVHLSsNAFD2Nr1pfVZdugkXoqiQi6LLixo1QwT6gFkmm0xqaJmFmItbapT/gVv9L/AP9C++MKahFdEKSM+eec2fuvX4SBlI5zmvOmptfWFzKLxdWVtfW N4qbWw0Zp4LxOovDWLR8T/IwiHhdBSrkrURwb+iHvOkPTnS8ecOFDOLoQo0S3hl6/SjoBcxTRLUuFb9V4+PJVbHkVByz7FngZqCEbNXi4gsu0UUMhhRD cERQhEN4kPS04cJBQlwHY+IEocDEOSYokDclFSeFR+yAvn3atTM2or3OKY2b0SkhvYKcNvbIE5NOENan2Saemsya/S332OTUdxvR389yDYlVuCb2L99U+ V+frkWhhyNTQ0A1JYbR1bEsS2q6om9uf6lKUYaEOI27FBeEmXFO+2wbjzS16956Jv5mlJrVe5ZpU7zrW9KA3Z/jnAWN/YrrVNzzg1K1nI06jx3sokzzPE QVp6ihbub4iCc8W2eWtO6s+0+plcs82/i2rIcPUJSSiw==</latexit>
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FIG. 4. Real-space spin configurations of the mean-field
ground states found in Fig. 3. (a) The ferromagnetic
quadrupolar order with spins aligned in xy-plane, which we
name the Fxy order. There is a global U(1) degeneracy in the
xy-plane. (b) The antiferromagnetic quadrupolar stripe or-
der with spins aligned in y-direction, which we dub “Stripey”.
(c), (d), The AFzFxy and AFzAFxy orders in Fig. 3 for small
J±± and small J±. Both orders have a 3-sublattice structure,
consistent with results from Refs.37–39. As in (b), the com-
ponent in xy-plane has a global U(1) degeneracy for reasons
explained in the text. (e) The 120◦-Ne´el order stabilized by a
large positive J±. In all figures, we draw the coordinate sys-
tem of the spin space to help visualization. The coordinate
system of the real space always takes the same convention in
Fig. 2.
5where 〈Sµi 〉 is the order parameter of the mean-field state
and should be solved self-consistently. For this purpose,
one first needs to set up a mean-field ansatz for the order
parameters. From the experience of the XXZ model, one
should at least choose a 3-sublattice mean-field ansatz.
Here, to be a bit more general, we choose a 6-sublattice
mean-field ansatz for some parameter regime. The local
stability of the ground state is examined by the spin wave
calculation. If the mean-field ground state is locally un-
stable, the spin wave spectra will no longer be real and
positive.
Within this self-consistent mean-field approach, we
find three types of intertwined multipolar long-range or-
ders that are depicted in Fig. 3 and Fig. 4 and listed
below,
• AFzFxy for negative J± and small J±±. In this
state the spins have both nonzero antiferromagnet-
ically ordered dipolar Sz and ferromagnetically or-
dered quadrupolar Sx,y components. There is an
emergent U(1) degeneracy generated by the spin
rotation about tne Sz direction.
• AFzAFxy for positive J± and small J±±. In this
state the spins have both nonzero antiferromagnet-
ically ordered dipolar Sz and antiferromagnetically
ordered quadrupolar Sx,y components. This state
also has the emergent U(1) degeneracy in the xy
plane of the spin space.
• AFzStripey at larger J±±. This phase is found
proximate to Stripey phase via the second-order
transition. It has a similar pattern with the Stripey
state where the quadrupolar moment Sy orders in
the stripe-like pattern. It also develops magnetic
order in the dipole component Sz.
All the above states carry intertwined multipolar or-
ders, supporting both dipolar and quadrupolar orders.
Here we provide the physical understanding for the emer-
gence of these interesting orders. The AFzFxy and
AFzAFxy states are found to be the exact ground states
in the XXZ limit where J±± = 0, and are known as the
supersolid orders in this limit, for which both the “bo-
son density” Sz and the “superfluid order parameters”
Sx,y are non-vanishing. These supersolid orders are no
longer the exact ground states for small values of J±±.
Moreover, the notion of “supersolidity” is ill-defined be-
cause the J±± interaction explicitly breaks the U(1) spin
rotational symmetry of the XXZ model. In fact, with a
small J±± near the XXZ limit, the AFzFxy and AFzAFxy
states become unstable from our linear spin wave calcula-
tion and may turn into some incommensurate states. The
incommensurate states are not well captured by our self-
consistent mean-field approach that assumes commensu-
rate states from the starting point. In the phase diagram
we nevertheless label the small J±± regime with the su-
persolid orders (AFzFxy and AFzAFxy states).
The AFzStripey state has intertwined dipolar S
z or-
der and quadrupolar Sy order that result from the com-
states order types elastic neutron
Fxy pure quadrupolar no Bragg peak
120◦ Ne´el pure quadrupolar no Bragg peak
Stripey pure quadrupolar no Bragg peak
AFzFxy intertwined multipolar Bragg peak at K
AFzAFxy intertwined multipolar Bragg peak at K
AFzStripey intertwined multipolar Bragg peak at K
TABLE II. The list of ordered phases in the phase diagram
of Fig. 3.
petition between J±± and Jzz. In the Ising limit with
J±±  Jzz, it is well-known that the ground state man-
ifold is extensively degenerate: the energy of a state is
minimized as long as in each triangle Ising spins are not
simultaneously parallel to each other. In the supersolid
orders, this is manifested in the spin pattern where the
signs of the Sz component is (+,−,−) or (+,+,−) in
each triangle. Away from the Ising limit, a nonzero J±±
allows the system to fluctuate within the extensively de-
generate manifold of Ising spins, and therefore lifts the
extensive degeneracy. This is quite analogous to the ef-
fect of the transverse field on top of the antiferromagnetic
Ising interaction on the triangular lattice. The ground
state in our case is such that the quadrupolar Sy compo-
nent is maximized and ordered in a stripe-like pattern to
optimize the J±± term, while the dipolar Sz component
orders in such a pattern where the signs of the Sz com-
ponent is (+,−, 0) in each triangle. As we show in Fig. 4,
the combined structure of the dipolar and quadrupolar
orders has a 6-sublattice structure.
Unlike the pure quadrupolar order in the previous sub-
section, the intertwined multipolar orders are not com-
pletely invisible in the conventional magnetic measure-
ment. The multiple-sublattice structure of the dipo-
lar components can be detected through the usual bulk
magnetization measurements such as NMR, µSR, and
elastic neutron scattering measurements. Again, the
quadrupolar orders hide themselves from such measure-
ments. Thus, the intertwined multipolarness is only par-
tially visible.
Here, the presence of the intertwined multipolar or-
der in this part of the phase diagram results from the
combination of the geometrical frustration and the mul-
tipolar nature of the local moment. With only geometry
frustration, the system would simply support the conven-
tional magnetic orders. With only spin-orbit-entangled
local moments and the multipolar structure of the local
moment, the system would not give an intertwined mul-
tipolar ordering structure. It is the combination of the
geometrical frustration and the multipolar nature of the
local moment that gives rise to the intertwined multipo-
lar ordering structure.
60 π/3 2π/3 π-0.8256
-0.8255
-0.8254
0 π/3 2π/3 π
-0.7580
-0.7575
-0.7570
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FIG. 5. Energy per spin taking into account quantum zero-
point energy vs. the azimuth angle θ of spins for (a) the
Fxy state and (b) the 120
◦ Ne´elxy state. Here we take the
parameter J± = 0.4Jzz, J±± = 0.4Jzz for the Fxy state and
parameter J± = 0.9Jzz, J±± = 0.2Jzz for the Ne´elxy state.
The zero-point energy is calculated within the linear spin wave
method.
IV. QUANTUM ORDER BY DISORDER
As we describe in previous sections, the system has
only discrete spin-rotational symmetries, thus it is a
bit counter-intuitive that all phases except for Stripey
phase in the mean-field phase diagram host emergent
continuous U(1) degeneracies in the xy plane of the spin
space. These continuous degeneracies are due to non-
trivial bond-dependent γij phase factors in the J±± in-
teractions. It should be noted that these continuous de-
generacies are presented only at mean-field level, and in
general should be lifted by quantum fluctuations. Here
we study the quantum fluctuation in the Fxy state as an
example. In the Fxy state, the mean-field state has spins
align in xy-plane with an arbitrary azimuth angle θ with
respect to the x axis. If we take into account quantum
fluctuations, these degenerate states will have different
zero-point energies so that the degeneracy is lifted. This
effect can be captured in the linear spin wave theory. For
J±± > 0, it is shown in the Fig. 5 that the quantum fluc-
tuation selects the ground state with θ = npi/3 (n ∈ Z)
such that the spins align along the bond orientations in
the Fxy state. For the 120
◦ Ne´el state, similar results are
obtained, and the spins are aligned along the bond ori-
entations. For other states with continuous degeneracies
we expect similar degeneracy breaking.
Here we present our linear spin wave method that ap-
plies to multi-sublattice configurations40–42. Let us as-
sume that the system has M -sublattice magnetic order.
Each spin can be labeled by the magnetic unit cell index
r and sublattice index s. Assuming spins with sublattice
index s has the direction pointing along the unit vector
ns, one can always associate two unit vectors us · ns = 0
and vs = ns × us so that ns, us and vs are orthogonal
with each other. Then we perform Holstein-Primakoff
transformation for the spin operator Srs,
ns · Srs = S − b†rsbrs, (4)
(us + ivs) · Srs = (2S − b†rsbrs)
1
2 brs, (5)
(us − ivs) · Srs = b†rs(2S − b†rsbrs)
1
2 . (6)
After performing Fourier transformation
brs =
√
M
N
∑
k∈BZ
bkse
iRrs·k, (7)
the spin Hamiltonian can be rewritten in terms of boson
bilinears as
Hsw = E0 +
1
2
∑
k∈BZ
[Ψ(k)†h(k)Ψ(k)− 1
2
trh(k)], (8)
where E0 is the mean-field energy,
Ψ(k) = [bk1, · · · , bkM , b†−k1, · · · , b†−kM ]T (9)
and h(k) is a 2M × 2M Hermitian matrix, and BZ is the
magnetic Brillouin zone. Hsw can be diagonalized via
a standard Bogoliubov transformation Ψ(k) = TkΦ(k)
where
Φ(k) = [βk1, · · · , βkM , β†−k1, · · · , β†−kM ]T , (10)
and Tk ∈ SU(M,M). Here SU(M,M) refers to indefi-
nite special unitary group that is defined as43:
SU(M,M) = {g ∈ C2M×2M : g†Σg = Σ,det g = 1},
(11)
where Σ is the metric tensor and given as
Σ =
IM×M 0
0 −IM×M
 . (12)
It is straightforward to prove that such transformation
preserves the boson commutation rules. The diagonal-
ized Hamiltonian reads
Hsw = E0 +
1
2
∑
k∈BZ
[Φ(k)†E(k)Φ(k)− 1
2
trh(k)]
= E0 + Er +
∑
k∈BZ
ωksβ
†
ksβks, (13)
where E(k) = diag[ωk1, · · · , ωkM , ω−k1, · · · , ω−kM ] and
Er =
1
4
∑
k∈BZ
tr [E(k)− h(k)] (14)
is the zero-point energy correction due to quantum fluc-
tuations. Using this result, we obtain the quantum se-
lection of the quadrupolar order in the Fxy state and the
120◦ Ne´el state.
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FIG. 6. Dynamic spin structure factors for the phases discussed in Sec. III, obtained from the linear spin wave theory. The
representative parameters for different subfigures are given. The plots here are intensity plots. We also plot the full spin wave
dispersions in Appendix. C.
V. DETECTION OF MULTIPOLAR ORDERS
AND EXCITATIONS
As we have already indicated in the previous sections,
the quadrupolar order is not directly visible from the con-
ventional magnetic measurement. Instead, the dynami-
cal measurement is able to observe the consequence of the
quadrupolar orders. What is essential here is the non-
commutative relation between the dipole component and
the quadrupole component. It is this property that man-
ifests the dynamics of the quadrupolar order in the Sz
correlator. The dipole component, Sz, couples linearly
with the external magnetic field. Likewise, the neutron
spin would only couple to the dipole moment Sz at the
linear order. Therefore, the inelastic neutron scattering
would measure the Sz-Sz correlation,
Szz(q, ω > 0)
=
1
2piN
∑
ij
∫ +∞
−∞
dt eiq·(ri−rj)−iωt〈Szi (0)Szj (t)〉.(15)
In this section, we discuss the dynamic information of the
system that is encoded in the inelastic neutron scattering
measurements.
The remarkable feature of the selective coupling of the
neutron spins to the magnetic moments greatly facilitates
the identification of the intertwined multipolar orders.
One can separately read off signatures of the ordering of
dipole and quadrupole moments from elastic and inelastic
neutron scattering measurements, respectively. The lat-
ter is because the Sz moment creates spin-flipping events
on the quadrupole moments and thus creates coherent
spin-wave excitations. These excitations then carry the
information about the underlying quadrupolar ordering
structures. Thus, although the quadrupolar moments do
not directly couple to the magnetic field, the quadrupolar
excitations can be indirectly probed. The dynamic spin
structure factor, that is defined in Eq. (15) and measured
by inelastic neutron scattering, encodes the dispersion
and intensity of the quadrupolar excitations. In the fol-
lowing we use the linear spin wave theory to calculate
the dynamic spin structure factor. We follow Ref. 42 and
find that at zero temperature the dynamic spin structure
factor takes the form
Szz(k, ω > 0)
=
S
2M
M∑
s=1
[T †kU
z(Uz)
†
Tk]s+M,s+Mδ(ω − ωks),(16)
where the 2M -dimensional vector Uz is defined as
Uz = [uz1 + iv
z
1 , u
z
2 + iv
z
2 , · · · , uzM + ivzM ,
uz1 − ivz1 , uz2 − ivz2 , · · · , uzM − ivzM ]T . (17)
Here, we have neglected the two-magnon process in the
above expression.
Our results are displayed in Fig. 6. The gapless modes
in the figures are pseudo-Goldstone modes that arise from
the emergent continuous degeneracy at the mean-field
level and the linear spin-wave treatment. High order
quantum fluctuations would create a mini-gap for these
modes. Despite that, we expect a T 2 heat capacity be-
8havior for the temperature regime above the mini-gap
energy scale in the ordered phase.
For our model that describes the spin-1/2 degrees of
freedom, the number of magnon branches should be equal
to the number of sublattices in the corresponding or-
dered phase. However, surprisingly we find that for two-
sublattice Stripey and six-sublattice AFzStripey struc-
tures, we can see only see one and three bands respec-
tively, which implies that half of the bands are completely
invisible in the Sz-Sz correlator (see Appendix. C for a
comparison). The underlying reason is the selection rule
associated with the symmetry generated by
Wˆ = T−a1+a2 ⊗ eipi
∑
j S
z
j . (18)
where T−a1+a2 denotes the lattice translation by
−a1 + a2. The Hamiltonian stays invariant under Wˆ ,
[Wˆ ,H] = 0.
From now on, we introduce the notation s and s¯ to
denote the sublattice pair that are interchanged under
the action of Wˆ . In the labelling of Fig. 4, we find that
A¯ = B, C¯ = D, E¯ = F .
For the elementary excitations, the effect of Wˆ is such
that
Stripey : Wˆ bk,sWˆ
† = eiφ(k)bk,s¯, s = A,B (19)
StripeyAFz : Wˆ bk,sWˆ
† = eiφ(k)bk,s¯, s = A, . . . , F, (20)
where φ(k) = −kx + ky.
The eigenmodes of Wˆ take bonding/antibonding form,
αk,s,± = bk,s ± bk,s¯, (21)
whose eigenvalues are
Wˆαk,s,±Wˆ † = ±eiφ(k)αk,s,±. (22)
Since Wˆ is a symmetry of the Hamiltonian, the energy
eigenmodes are separate linear combinations of αk,s,±,
βk,t,± =
∑
s
ct,sαk,s,± + dt,sα
†
−k,s,± (23)
and
Wˆβk,t,±Wˆ † = ±eiφ(k)βk,t,±. (24)
The ± branches do not mix, since they have distinct
eigenvalues under Wˆ .
On the other hand, we can make a spectral represen-
tation of Eq. (15) as follows
Szz(q, ω > 0) =
∑
n
〈
0
∣∣∣∣∣
M∑
s=1
Szs (−q,−ω)
∣∣∣∣∣n
〉〈
n
∣∣∣∣∣
M∑
s=1
Szs (q, ω)
∣∣∣∣∣ 0
〉
∝
∑
n
δ (ω − (n − 0))
〈
0
∣∣∣∣∣
M∑
s=1
(bq,s + b
†
−q,s)
∣∣∣∣∣n
〉〈
n
∣∣∣∣∣
M∑
s=1
(b−q,s + b†q,s)
∣∣∣∣∣ 0
〉
∝
∑
n
δ (ω − (n − 0))
〈
0
∣∣∣∣∣
M∑
s=1
(αq,s,+ + α
†
−q,s,+)
∣∣∣∣∣n
〉〈
n
∣∣∣∣∣
M∑
s=1
(α−q,s,+ + α
†
q,s,+)
∣∣∣∣∣ 0
〉
. (25)
It is thus obvious that the contribution is nonzero if and
only if |n〉 is created by the βk,t,+ operators. The βk,t,−
states are not accessible. As a result, the Sz-Sz corre-
lation function only measures coherent excitations with
even parity. The odd parity excitations, instead, are
present in Sx-Sx and Sy-Sy correlation functions.
The elastic neutron scattering measurement directly
probes the magnetic ground state of the Sz components.
The ordering wave vector of the dipolar moment Sz will
be the magnetic Bragg peak in the static spin structure
factor. For states with pure quadrupolar orders like Fxy,
Stripey, and Ne´elxy, there is no dipolar ordering and
the ground state does not break time reversal symme-
try, so there are no Bragg peaks in static spin structure
factors. For states with intertwined multipolar orders
such as AFzFxy, AFzAFxy, and AFzStripey, however, the
dipolar components order into a multi-sublattice pattern.
The unit cell for the dipolar order is effectively enlarged,
and hence one should observe the magnetic Bragg peaks
at the K point in the Brillouin zone.
VI. THE MAGNETIZATION PROCESS
The peculiar property of the quadrupolar order and the
non-Kramers doublets also lies in the magnetization pro-
cess of the system under the external magnetic field. Al-
though the magnetic field does not directly couple to the
quadrupole components of the local moment, the mag-
netization is influenced by the underlying quadrupolar
order. The behavior of the magnetization should provide
information about the hidden quadrupolar order that is
otherwise not directly measurable. To explore this idea,
we first introduce the magnetic field to the system so that
9we have
Hh = H − gµBh
∑
i
Szi
≡ H −B
∑
i
Szi . (26)
From the expression of the above Hamiltonian, one can
immediately read off the Curie-Weiss temperature. Be-
cause the external magnetic field only couples to the Sz
component of the local moment, the Curie-Weiss temper-
ature only reflects the Jzz interaction, i.e.
ΘCW = −3
2
Jzz. (27)
The impact of the underlying quadrupolar order on
the magnetization should be most clear for the pure
quadrupolar ordered phase. Here, we explore the physics
on the Stripey state. The field will polarize the dipo-
lar moments and suppress the quadrupolar ordering. In
Fig. 7, we choose the coupling constants deep in the
antiferro-quadrupolar Stripey phase, where J± = 0.1Jzz
and J±± = 1.0Jzz. The mean-field ansatz is chosen to
take care of the uniform Sz magnetization,
〈Si〉 ≡ [mxi ,myi ,mzi ]T =
[
0, eiM ·Rimy,mz
]T
, (28)
where M =
(
0, 2pi/
√
3
)
is the ordering wave vector for
the Stripey state, and m
y, mz real numbers subject to
the constraint |〈Si〉| = S for all sites i.
From the mean-field analysis, we plot the magnetiza-
tion at zero and finite temperatures for different strengths
of transverse fields. In addition, the magnetic suscepti-
bility and the dependence of the ordering temperature on
the strength of the magnetic field are shown together in
Fig. 7. We first discuss the zero field susceptibility χzz
(see Fig. 7a). Because of the lack of dipolar ordering,
there is a constant χzz below Tc, and smoothly decays
below Tc, obeying the Curie-Weiss law. In particular,
it does not develop a peak across the finite-temperature
transition at Tc, because the quadrupolar order paramter
is “hidden” to the magnetic field. This is to be contrasted
with the case of Kramers doublets, where the susceptibily
shows a critical behavior at Tc.
The magnetic field suppresses the antiferro-
quadrupolar order. This is because the magnetization
does not commute with the quadrupolar order parameter
Sy. When the field polarizes the magnetization, the
quantum fluctuation of the quadrupolar orders is en-
hanced and thereby reducing the ordering temperature.
This physics has also been suggested for the electronic
multipolar orders in intermetallic compounds TmAu2
and TmAg2, where the lattice strain is introduced to
control the electronic quadrupolar order35. Here we in-
troduce the magnetic field to control the magnetization.
In Fig. 7b and Fig. 7c, we explicitly show this result
from our mean-field theory.
Above the critical field Bc, the quadrupolar order is
completely suppressed, and the dipolar moments are po-
larized by the field. The Z2 symmetry is generated by
the rotation operation
Uˆ ≡ eipiSz . (29)
It is spontaneously broken in the antiferroquadrupolar
ground states by 〈Sy〉 and is restored in the fully mag-
netized state. Around Bc, we expect a quantum critical
region and quantum phase transition due to the breaking
of the Z2 symmetry. Although the order parameter Sy
cannot be directly measured, the quantum phase transi-
tion can be observed from the magnetic susceptibility at
the finite B. In Fig. 7d, we plot the transition tempera-
ture as a function of the external magnetic field.
The above analysis can be readily extended to Fxy,
Ne´el, and other intertwined multipolar ordered phases.
We have chosen the Stripey order as a representative.
VII. DISCUSSION
In this paper, we have established the phase diagram
of the generic interacting model that is relevant for non-
Kramers doublets on the triangular lattice. We find the
broad existence of the pure quadrupolar orders and the
intertwined multipolar orders in the phase diagram. Al-
though the quadrupolar order is invisible from the con-
ventional magnetic measurements, its presence shows up
in the dynamic property and the magnetic excitations
of the system. In contrast, the dipolar order can be di-
rectly measured by conventional magnetic probes. These
unusual properties arise naturally from the selective cou-
pling or measurement and the non-commutative relation
between the dipolar and the quadrupolar moments. One
could “read off” the dipolar order from the static mag-
netic probes and the quadrupolar order from the dynamic
magnetic probes such as inelastic neutron scattering mea-
surement.
In addition, we uncover the physics of the quantum or-
der by disorder and the related pseudo-Goldstone modes.
The consequences of this result appear both in the ther-
modynamics and the dynamic properties. Apart from the
nearly gapless pseudo-Goldstone modes that show up in
the dynamic measurements, the system in the relevant
phases would have a T 2 heat capacity.
Here we point out the material’s relevance of our the-
oretical results. As we have mentioned in the beginning
and in Sec. II, there exists an abundance of the trian-
gular lattice rare-earth magnets. Most of these com-
pounds have not been studied carefully, maybe not even
been studied in any previous work. Among these materi-
als, only the spin liquid candidate material YbMgGaO4
has been studied extensively, both experimentally and
theoretically. For others such as RCd3P3, RZn3P3,
RCd3As3, RZn3As3, KBaR(BO3)2, and many ternary
chalcogenides (LiRSe2, NaRS2, NaRSe2, KRS2, KRSe2,
KRTe2, RbRS2, RbRSe2, RbRTe2, CsRS2, CsRSe2,
CsRTe2, etc)
25–30, little is known. When R3+ supports a
non-Kramers doublet, our model and results can be di-
rectly applied. This could occur if R3+ ion is the Pr3+,
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FIG. 7. (a) The magnetic suscpetibility χzz at finite temperatures for different field strengths. There is a transition at
Bc ' 7.2Jzz. (b) The antiferro-quadrupolar order parameter at finite transversal fields and finite temperatures. (c) The dipolar
moment at finite fields and finite temperatures. (d) The ordering temperature of the antiferro-quadrupolar Stripey order as a
function of transversal fields. In all figures we choose J± = 0.1Jzz, and J±± = Jzz, so that the ground state at zero field is in
the Stripey phase.
Tm3+, or Tb3+ ion where the rare-earth ion contains
even number of 4f electrons per site. The single crys-
tal TmMgGaO4 was recently synthesized
44,45, and the
lowest energy states of the Tm3+ ion were either a non-
Kramers doublet or two nearly degenerate singlets45. In
the latter case, the effective spin model should take into
account of the effect from the crystal field splitting be-
tween two nearly degenerate singlets. Thus, the resulting
model46 would be fundamentally different from the model
in Eq. (1). To resolve the single-ion ground state as well
as the many-body ground state for TmMgGaO4, further
crystal electric field study and experimental efforts are
required.
Finally, our proposal for the selective measurement of
the intertwined multipolar orders is not just specific to
the non-Kramers doublets on triangular lattice. This
piece of physics could be well extended to the non-
Kramers doublets on other lattices. More broadly, any
physical system with intertwined multipolar orders or
hidden orders could potentially hold this kind of physics
and phenomenon. The idea of using non-commutative
observables to probe the dynamics of the hidden orders
is central to our proposal and should be well extended
to many other systems. These not only include the mag-
netic multipolar orders that are discussed in this paper
but also contain the electronic analogues of the multipo-
lar orders that have been discussed for example for the
tetragonal intermetallic compounds TmAu2 and TmAg2
in Ref. 35 and for URu2Si2
47.
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Appendix A: The relevance of our model to Kitaev
interaction
In a previous work48, we have pointed out that the
vast numbers of rare-earth magnets can support the Ki-
taev interaction. This means the Kitaev interaction goes
much beyond the iridate system that was previously pro-
posed49, and we illustrated the observation from the rare-
earth double perovskites48. Similar suggestion was made
for Co-based magnets50,51. Here we extend our idea to
our model on the triangular lattice.
Generally speaking, a system with a local on-site three-
fold rotational symmetry and spin-orbit-entangled dou-
blets (except dipole-octupole doublets) would necessarily
have a Kitaev interaction. These lattices include honey-
comb lattice, triangular lattice, pyrochlore lattice, FCC
lattice, et al. Our results can be well extended to these
lattices. The three-fold rotation permutes the bonds con-
necting to the lattice site of the rotational center, and at
the same time, permutes the spin components. For our
triangular lattice, we define
Sai ≡
√
2
3
Sxi +
√
1
3
Szi , (A1)
Sbi ≡
√
2
3
(−1
2
Sxi +
√
3
2
Syi ) +
√
1
3
Szi , (A2)
Sci ≡
√
2
3
(−1
2
Sxi −
√
3
2
Syi ) +
√
1
3
Szi , (A3)
then our Hamiltonian in Eq. (1) is recasted into the fol-
𝐽𝐽𝑧𝑧 = 0
𝐽𝐽𝑧𝑧 = ±1
FIG. 8. The non-Kramers ground state doublet from splitting
the spin-1 triplets.
11
Γ Μ Γ
0
2
4
6
E
/J
zz
K Μ K Γ
Fxy(a) J±   = -1.00 Jzz J±± =  0.50 Jzz
0 4π
3
2 π 8π
3
4 π 4 π + 2π
3
4 π + 4π
3
0
1
2
3
4
5
6
7
0
4π
3 2 π
8π
3 4 π
4 π + 2π
3
4 π + 4π
3
Γ Μ Γ
0
4
8
E
/J
zz
K Μ K Γ
2
6
Stripey J±   =  0.10 Jzz J±± =  1.00 Jzz
(b)
0 4π
3
2 π 8π
3
4 π 4 π + 2π
3
4 π + 4π
3
0
1
2
3
4
0
4π
3 2 π
8π
3 4 π
4 π + 2π
3
4 π + 4π
3
Γ Μ Γ
0
2
E
/J
zz
K Μ K Γ
Néelxy(c) J±   =  0.60 Jzz J±± =  0.10 Jzz
1
0 4π
3
2 π 8π
3
4 π 4 π + 2π
3
4 π + 4π
3
0
1
2
3
4
0
4π
3 2 π
8π
3 4 π
4 π + 2π
3
4 π + 4π
3
Γ Μ Γ
E
/J
zz
K Μ K Γ
AFzFxy J±   = -0.20 Jzz J±± =  0.00 Jzz
(d)
0 4π
3
2 π 8π
3
4 π 4 π + 2π
3
4 π + 4π
3
0
1
2
3
4
0
4π
3 2 π
8π
3 4 π
4 π + 2π
3
4 π + 4π
3
0
2
1
Γ Μ Γ
E
/J
zz
K Μ K Γ
AFzAFxy J±   =  0.40 Jzz J±± =  0.00 Jzz
(e)
0 4π
3
2 π 8π
3
4 π 4 π + 2π
3
4 π + 4π
3
0
1
2
3
4
0
4π
3 2 π
8π
3 4 π
4 π + 2π
3
4 π + 4π
3
0
2
1
Γ Μ Γ
E
/J
zz
K Μ K Γ
AFzStripey
0
1
3
2
4
J±   =  0.20 Jzz 
J±± =  0.25 Jzz
(f)
0 4π
3
2 π 8π
3
4 π 4 π + 2π
3
4 π + 4π
3
0
2
4
6
8
0
4π
3 2 π
8π
3 4 π
4 π + 2π
3
4 π + 4π
3
FIG. 9. The complete spin-wave dispersions for different phases. The parameters are chosen to be the same as in Fig. 6. The
plots of the full dispersions here are to be compared with the intensity plots in Fig. 6.
lowing form,
H =
∑
〈ij〉∈α
[
JSi · Sj +KSαi Sαj
+
∑
β,γ 6=α
Γ(Sαi S
β
j + S
β
i S
α
j + S
α
i S
γ
j + S
γ
i S
α
j )
+
∑
β,γ 6=α
(K + Γ)(Sβi S
γ
j + S
γ
i S
β
j )
]
, (A4)
where α = a, b, c labels the nearest-neighbor bond, the a
bond corresponds to the a1 bond, the b bond corresponds
to the a2 bond, and the c bond corresponds to the a3
bond. The couplings in the above equation are related
to the ones in the main context as follows,
J =
4
3
J± − 2
3
J±± +
1
3
Jzz, (A5)
K = 2J±±, (A6)
Γ = −2
3
J± − 2
3
J±± +
1
3
Jzz. (A7)
Appendix B: Definition of effective spin-1/2
operators for the non-Kramers doublet
To give a simple illustration about the property of the
non-Kramers doublet, we discuss the case for the spin-
1 local moment J . Assuming a single-ion anisotropy
−Dz(Jz)2 (with Dz > 0), the three spin states are split-
ted into two lower doublets Jz = ±1 and an upper sin-
glet Jz = 0. The energy levels are shown in Fig. 8. The
Jz = ±1 states can be thought as a non-Kramers dou-
blet. We thus define the effective spin-1/2 operators S
from the physical spin operators J , such that
Sz =
1
2
PJzP, (B1)
S± =
1
2
P
(
J±
)2
P, (B2)
where S± = Sx ± iSy, J± = Jx ± iJy, and P is the pro-
jection operator onto the Jz = ±1 subspace. The effec-
tive spin operators defined above satisfy the canonical
commutation relation,
[Sa, Sb] = iabcS
c. (B3)
We further identify Sz as the dipolar moment and Sx,y
as the quadrupolar moment by examining their transfor-
mation under time reversal operation,
Θ−1SzΘ = −Sz, (B4)
Θ−1SxΘ = Sx, (B5)
Θ−1SyΘ = Sy. (B6)
Appendix C: Spin-wave dispersion
In this Appendix, we plot the dispersion of all spin-
wave branches. Compared with Fig. 6, we see in Fig. 9
that only some of the bands are visible in neutron scat-
tering experiments.
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